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License Information for Training LLMs Slides

v

This work is released under a Creative Commons License with the following terms:
» Attribution

> The licensor permits others to copy, distribute, display, and perform the work. In return, licensees must give the
original authors credit.

» Non-Commercial
> The licensor permits others to copy, distribute, display, and perform the work. In return, licensees may not use the
work for commercial purposes — unless they get the licensor’'s permission.
Share Alike

> The licensor permits others to distribute derivative works only under a license identical to the one that governs the
licensor's work.

v

» Full Text of the License
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Large language models (LLMs): A story of scaling

1.400
L1375
1.350

1.325

L per Char.

= 1.300

Ni
Test loss

T 1275
1.250

'malize

§1.225
z

1.200

o

102 102 102 10% 102 10%
Compute (FLOPs)

Figure: Scaling law forecast for ARC (Llama 3) Figure: Naive scaling of Mamba worsens the performance

o More compute through larger models, more training data, or longer training improves performance.

o Is “scale” all we need?

> Need guidance on the adjustments of models, training procedures, and hyperparameters when scaling up.

> Need scaling rules that allow predictability and optimality!
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On predictability: Scaling laws

Definition (Neural scaling law [48])

Neural scaling laws describe how neural network performance changes as key factors are scaled up or down.

Remarks: o In general, neural network (pre)training can be characterized by four factors:

. Size of the model (IN): number of parameters
. Size of the training dataset (D): number of samples or tokens

. Compute (C): measured in FLOPs (FLoating-point OPerations)

AW N R

. Test loss after training (L): generalization performance
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Scale and performance

o Increasing compute, dataset and model size improves performance, particularly in language models.
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Figure: Neural scaling laws for language modeling [60].

Remarks: o Language modeling performance improves smoothly as we “scale.”
o For optimal performance all three factors must be scaled up in tandem.
o Test performance has a power-law relationship with each individual factor.

o These are empirical curve fits rather than scaling “theory.”
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Kaplan scaling laws [60]: Power law relationships

o Test loss exhibits a power law relationship with available resources.
Scaling Laws [60]

1. For models with a limited number of parameters, trained to convergence on sufficiently large datasets:

Ne

ay
L(N) = ( - ) , ay ~0.076, N.~ 88 x10'3 (parameters)

2. For large models trained with a limited dataset with early stopping:

D.

L(D):(D

ap
) , ap ~0.095 D.~54x10% (input samples)

3. When training with a limited amount of compute, a sufficiently large model, and a sufficiently small batch
size (making optimal use of compute):

min

Ce, \%e .
L(Crin) = (%) . aBM ~0.050, C%;, ~ 2.3 x 108 (PF-days)
min

Remarkso [60] estimates the constants through extensive empirical analysis on language models.

o Scaling laws are widely observed: speech [49], image classification [123], reinforcement learning [101].
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Upshot of a scaling law: The compute allocation decision

A compute allocation scheme proposed by [60]

Compute-efficient
training stops far
short of convergence

Given a fixed budget of compute C, the model size N,
the batch size B, and the training steps S should scale
as N o C%™1 B o €924 and S o C9-93, respectively.

> S
Compute (PF-days)

Figure: Efficient training should stop before convergence.

Observations: o Most of the compute should be invested on model size.
o The scheme suggests that the training steps should almost be held fixed when scaling.
o Large models should be under-trained, if trained efficiently.

o The allocation scheme serves as a scaling rule to guide model training.
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Chinchilla scaling law and its allocation scheme

Chinchilla Scaling Law [50]

Hoffman et al. [50] propose the following approach combining model size and data size:

A B
L(N’D):E‘i‘m‘f'ﬁv

where FE is the irrecoverable error and A, B, «, 8 are estimated constants.
N\ | p 1P
Remarks: o The functional form of L(N, D) proposed by [60] is L(N, D) = [(ﬁ) “D 4 ﬁ‘} .

o This rule recovers the first two scalings on page 7 when we take D (N, resp.) to infinity.

Chinchilla Allocation Scheme

When scaling up compute C, the model size N and dataset size D should increase at the same rate.

Remarks: o This is drastically different from what Kaplan's model projects [60]!
o Hoffmann et al. [50] validated this result through three different numerical procedures.
o Hoffmann et al. [50] did not account for batch size scaling like Kaplan et al. [60] did.
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On the existence of a critical batch-size for training

Predicted Training Speed

100 4
< Ineffective
= 1014 scaling
Q
& Perfect
scaling
102
1072 107! 10° 10! 10?
Batch Size / Noise Scale  (B/B)

Figure: The scaling of optimal learning rate with respect to the batch size saturates [80].

o Large batch sizes are desirable, as higher parallelism leads to shorter serial training time [120].
o The speedup gained from large batch sizes saturates as the batch size increases [80].
> €emax: Step size maximizing loss drop given the true gradient.

> eopt(B): step size maximizing expected loss drop given the noisy gradient estimated from a B-sized batch.

v

B (see [120]): a quantity that is correlated with noise-to-signal ratio of gradient estimation.

> B = B: optimal batch size; the gain in training speed (step size) significantly decreases if B > B.

> The above figure was derived for SGD, but the insight may be (rigorously) extrapolated for ADAM [72].
o Unfortunately, a larger batch size often lead to worse generalization [62].
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Scale and performance: a detour for emergent capabilities
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Figure: Some LLM capabilities emerge abruptly with scale [110].

o Discontinuity manifested in emergence may be an artifact of the used metrics being discontinuous [102].
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The story of scale continues beyond pre-training

o There is increasing interest in post-training scaling as well as test-time scaling.

e —— e ——eeereeeeeee A

COMPUTE

Figure: NVIDIA CEO Jensen Huang discusses Al scaling laws during CES 2025 [source].

o Post-training: finetuning [125], quantization [13], pruning [16], distillation [12], etc.

o Test-time: thinking time [87], dynamic model adjustment [33], etc.
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Scaling laws (i.e., curve fits) vs. Scaling theory
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Figure: McLeish et al. [81] show that scaling law slope is sensitive to

o Kaplan et al. [60] and Hoffmann et al. [50] extracted different scaling laws, but neither of them is wrong.
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many experimental designs

o Tweaking seemingly innocuous experimental design changes the scaling law slope [81].

Remarks:

> parameter counting rule (i.e., include or not include embedding parameters)

width and depth ratio of the model

>
> learning rate scheduler
>

data points sampled for numerical fits

ons@epfl Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre
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Towards scaling theory beyond curve fitting

o Desiderata for the theory and methodology:

> Predictability: Project with certainty regarding how performance improves with scale.

> Optimality: Provide theoretical guidance on the training of highly performant models.
o Our methodology will be based on the following:

> Investigate the impact of taking width and/or depth to infinity (see the next slide for examples).
> Focus on intuitive objectives, such as training stability and effectiveness of updates.

> Develop algorithms that exploit and adapt to the structures in the training formulations.
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Limits taken in deep learning theories

o Infinite width, finite depth:

> Neural network Gaussian processes correspondence: Neal et al. [88], Daniely et al. [20], Lee et al. [67],
Matthews et al. [79], Yang et al. [115], Novak et al. [93].

> Neural tangent kernel (NTK) limits under different architectures: Arora et al. [4], Du et al. [21],
Litwin-Kumar et al. [73], Alemohammad et al. [1], Hron et al. [51], Huang et al. [53].

> Mean-field/pP limits: Chizat et al. [17], Mei et al. [82], Rotskoff et al. [100], Sirignano et al. [105], Aradjo
et al. [3], Fang et al. [25], Yang et al. [117].

o Infinite width, then infinite depth:

> Poole et al. [97], Pennington et al. [94], Chen et al. [15], Hanin [39], Hanin and Rolnick [41], Hayou et al.
[44], Hayou [43], Hayou and Yang [45], Yang et al. [118].

o Infinite width and infinite depth:
> Hanin and Nica [40], Hu and Huang [52], Li et al. [71], Noci et al. [90], Noci et al. [91], Bordelon et al. [11].
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Setting the stage with the key ingredient: NN architectures

o We consider an L-layer fully-connected neural network with input a € RP and output b € R':

r®(a) = a,

activation weight input features

hni=) = o X (=1 (L-Layer NN)

pre-activation g"
b=he(a) = O (RED () = Lo (XphED(), xi= [Xe, Xa, -, Xy
[0

> Architecture: m is the width and « is the output scaling factor.
> Parameters: X; € R™*P, X € RIX™ X; € R™X™ for | =2,3,...,L — 1 (weights).
> Initialization: X1 ~ N(0,8%), X1 ~ N(0,82), X; ~ N(0,82%) for | =2,3,..., L — 1 (weights).

Activation function ReLU: o(-) = max(-,0) : R — R.

v

v

Without loss of generality, we will avoid the bias variables in the sequel.
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Another key ingredient: Loss function

Definition (Loss function)

A loss function £ : B x B — R on a set is a function that satisfies some or all properties of a metric. We use
loss functions in statistical learning to measure the data fidelity £(h(a), b).

Definition (Metric)

Let B be a set. A function d(-,-) : Bx B — R is a metric if Vb1,2,3 € B :

(a) d(b1,b2) >0 for all by and b (nonnegativity)

(b) d(b1,b2) =0 if and only if by = bs (definiteness)

() d(bhbz) d(bz,b1) (symmetry)

(d) d(b1,b2) < d(b1,b3) + d(b3,b2) (triangle inequality)
Remarks: o A pseudo-metric satisfies (a), (c) and (d) but not necessarily (b).

o Norms induce metrics while pseudo-norms induce pseudo-metrics.

o A divergence satisfies (a) and (b) but not necessarily (c) or (d)
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Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))

Let hx : RP — R be a model with parameters x and let {(a;,b;)}? ; be
samples with b; € {—1,1} and a; € RP. The ERM problem reads

min ¢ f(x) ::%Zﬁ(hx(ai)abi) )
=il

X

where L(hx(a;),b;) is the loss on the sample (as,bs)-

Some frequently used loss functions
> L(hx(a:), bs) = log(1 + exp(—bihx(a)))
> L(hx(a:),b;) = (bi — hx(a;))? Squared error.
> L(hx(a;i),b;) = max(0,1 — b;hx(a;)) Hinge loss.

Logistic loss.
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Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))

Let hx : RP — R be a model with parameters x and let {(a;,b;)}? ; be
samples with b; € {—1,1} and a; € RP The ERM problem reads

min ZL (hx(as),b;) 5,

where L(hx(a;),b;) is the loss on the sample (a;, b;).

Other objectives beyond ERM

> miny {% Z:.;l [maxéju(;uooge L (hz (a;+9) ,bi)] } Adversarial training [54].
> miny {% Z:;l [maX&HéHQSC L(hxts (a;), bz)] } e-stability training [9],

Sharpness-aware minimization [28].
> ming maxyee[c) n—lc ZZL:CI [maLx(;;”(;”S6 L (hy (a;+9) ,bc)] Class fairness [95].

Remark: o In the sequel, we will focus on the minimization problems.
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Gradient descent

Definition (Gradient Descent (GD))

Starting from x° € dom(f), update {x*}1>¢ as

xFHl = x*F — 0, V(xF) = x* + ayp”.

Notice that p* := —V f(x") is the steepest descent (anti-gradient) search direction.
Remarks: o We denote the parameter update at iteration k as AxF = xF+1 — xk = —q;, Vf(xF).
o GD approximates the solution of ‘fi—’t‘ = —V f(x), i.e., the limit when the learning rate aj — 0.

» The continuous limit is also known as Gradient Flow.

o We need an initialization x° to start GD!
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Initialization in deep ReLU NNs
o Initialization: X3 ~ N(0, %), X1 ~N(0,582), X; ~ N(0,8?) for 1 =2,3,..., L — 1 (weights).

Table: Summary of common weight initializations in NN training

Initialization ‘ B2 (Input Layer) ‘ B2 (Hidden Layers) ‘ B2 (Output Layer) ‘ o (Output Scaling Factor)
LeCun [66] \ % \ L \ L \ 1
He [47] ‘ 2 ‘ 2z ‘ 2z ‘ 1
NTK [2] | 2 | 2 | 1 | !
Eetal [23] | 1 \ 1 |  See Remark | 1
Xavier 35| | 2| L = i
Mean-field [83] | 1 | 1 | 1 | m
R R S R :

Remark: o Weight initialization influences the training dynamics, affecting convergence and generalization.

o The initialization proposed by E et al. [23] for X, follows a Rademacher distribution

> E et al. [23] samples the last layer -3, with equal probability for a fixed ..
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Phase diagram of initialization methods in two-layer ReLU networks

Phase Diagram

Condensed regime

L — Criticalregime

a1/,
¥ Examples:
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s 00, i
QENTT-O () A NTK
- Eatel. 2020)

¥ LeCun, He

loghidi/a logBi' B
log

5= lim lim

logm

y=1

Figure: Phase diagram of two-layer ReLU networks in the infinite-width limit, illustrating different training regimes [77].

o Cyan: Linear (lazy) regime with minimal feature learning; the network behaves like a kernel method.
o Green: Condensed (non-lazy) regime where feature learning is achieved.

o Blue (boundary): Critical regime balancing feature learning and linearization.

Remark: o Standard parameterizations (e.g., LeCun, He, NTK) follow lazy training in infinite width limit.
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Lazy training

Definition (Lazy-training (or Linear) regime [77])

Define an L-layer fully-connected ReLU NN via (L-Layer NN). Let x(t) := [X1(t), X2(¢),..., X1 (t)] represent
the weights of network at training time ¢. As the width m — oo, if the following condition holds

X (t) — X;(0
10 = XOllz o e g,
t€[0,+00) [1X:(0)]l5
then the NN training dynamics fall into the lazy-training regime.

Remarks: o [18] identifies the lazy training behavior for m — co.
o In the lazy training, NN parameters stay close to initialization during the training.
o The gradient flow of the NN effectively follows the linearization of the NN in lazy training.
o We also refer to the regime with this behavior as the linear regime.
o Lazy training has been extensively studied both empirically and theoretically [4, 56, 68].

o Standard initializations (e.g., LeCun, He, NTK) lead to the lazy regime in the infinite-width limit.
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Critical regime

Definition (Critical regime [77])

Define an L-layer fully-connected ReLU NN via (L-Layer NN). Let x(¢) := [X1(¢), X2(%), ..., X1 (¢)] represent
the weights of network at training time ¢. As the width m — oo, if the following condition holds

X;(t) — X;(0
sup ” l( ) l( )H? N @(1)7 vl e [L],
te[0,+00) ||Xl(0)||2

then the NN training dynamic falls into the critical regime.

Remarks: o Critical regime is included in the “feature learning” regime.
o In the critical regime, parameters deviate from initialization but not excessively, avoiding instability.
o Mean field and Xavier initializations follow the critical regime in the infinite-width limit.

o The supremum above can tend to infinity for the infinite-width limit.
> |t typically coincides with an initialization with an extremely small variance [112]

> The training dynamics are quite complex in this setting [30].
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Feature learning: definition

o How should the weight updates interact during training for “good performance”?

Definition (Feature Learning)

Let Ah() denote the feature change after one algorithmic update for I-th layer. We are in the feature learning
regime if the following properties hold:

1. |h®|lgms = ©(1), Vi € [L] (stable forward pass),
2. |ARD||gms = ©(1), VI € [L] (bounded feature update),
where the RMS norm is defined as || - |[rms := ﬁ” 2.

Remarks: o Feature learning primarily concerns the early training phase rather than behavior local convergence.
o NTK satisfies stable forward passes but have minimal feature updates (i.e., lazy).
o If the feature updates ||AR()|| are too large, training becomes unstable.
o Without a lower bound on ||AL(®)||, features may never appear.

o The mean field and pP initializations are useful for feature learning.
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A sufficient condition for feature learning

Definition (Spectral condition [119])

Given an L-layer NN as defined before, consider applying a gradient update AX; to the weight matrix X;. If
the spectral norms of the weights and the weight updates satisfy the following V 2 <1 < L,

1X1ls,., = e(\/f) IAXys,, = e(\/f)

IXillse =©(1) 1AX,]ls., =©(1),

X s s = e(ﬁ) 1AX s, = e(\/g)

then, we have feature learning. The Soo-norm is known as the Shatten infinity norm or the spectral norm.

Remarks: o Spectral condition ensures ||h() ||rms = ©(1) and ||ARY) ||rys = ©(1)

o There is a general version of the spectral condition

> It requires that || X||s., and their updates ||AX| s scale with @( A /:—‘"t)
ou’
> nout and ni, denote the input and output dimensions of X.

o Spectral condition ultimately relies on the tensor programming framework in the sequel.
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Tensor program (TP)

o Tensor program is a general framework for expressing NN computations (i.e., forward/backward pass).

Main takeaway [116]

If a set of pre-activations g1, ..., g~ of a network satisfies certain initialization assumptions, under the TP

framework, we have that
m

Z P(g;,. .. ,giL) — a finite computable scalar,
i=1

1
m
for any “well-behaved” map ¢ a.s. as m — oco. This map needs to be chosen to avoid pathological cases.

Remarks:
o Here, 1,..., L typically denote depth; in other networks, they may represent, e.g., convolution channels.
o The “assumptions" ensure pre-activations and gradients are component-wise iid. at any time during training.
o TP characterizes NN dynamics in infinite-width limit by tracking the distributions of activations.
> You can visualize coordinate checks on pre-activations ( ).

o TP can compute Gaussian processes, analyze NTK, and study feature learning in the infinite-width limit.

o We need the TP framework to analyze P initialization in the sequel.
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1P: motivation & key results

o Infinite-width networks in NTK regime can not learn features.
o Real-world networks benefit from evolving features.

o We start with GD/SGD scaling rules parameterizations of learning rate and variance of initialization.

Yet another initialization?
o puP (Maximal Update Parameterization) [117] enables effective feature learning even in the infinite-width limit.

o pTransfer [114] leverages pP for efficient hyperparameter tuning across scales.
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Parameterization & scaling in neural networks

o Standard parameterization with O(%) learning rate and with infinite width, leads to the linear regime.

o Standard parameterization with a constant-order learning rate, results in unstable training.

o The scaling of weights and activations at initialization determines whether training leads to feature learning.

o A proper choice of parameterization is required to maintain both stability and feature learning.

Maximal
Update Mean Field
when depth=1

(ours)

Unstable
or
Trivial

Kernel
Regime

Standard
LR = 0(1/width)

)
Standard Neural
LR = 0(1) Tangent

Figure: lllustration of scaling effects on network behavior [117].

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 28/ 78



Implementation of uP

abc-parameterization [117]
o Initialize the weights of each layer as X; = m~% W/, where W, is the actual trainable parameter.
o Initialize each entry of W such that [W,],, ~ N(0,m=2b1),

o Set the GD learning rate to nm™¢, where 7 is a width-independent constant.

o The Maximal Update Parametrization (uP), for an L-hidden-layer MLP, is defined by the following [117]:

—% forl =1, 1
a =<0 for2 <I< L, bl:5 vie[L], ¢=0.
1 forl=1,

> 1P updates of every parameter/layer have a non-trivial effect on the output of the network.
> uP uniquely enables maximal feature learning in the infinite-width limit within abc-parameterizations.

> uP satisfies spectral condition and achieves feature learning.
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An illustration of feature learning with P initialization

NTK Width 64 Width « (Feature Learning)
type
. . e state
. city
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'Y L]

Figure: PCA of Word2Vec embeddings for NTK, width-64, and infinite-width feature-learning networks. NTK embeddings
remain random, while increasing width in the feature-learning regime naturally separates cities and states [117].

o NTK limits feature learning, while 4P enables evolving features and structured embeddings as width increases.
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pTransfer: Zero-shot hyperparameter transfer with yP

o Question: What can we do based on uP’s feature learning properties and its scaling behaviors?
o Standard parameterizations (using He/LeCun initialization) do not share similar optimal hyperparameters.
o P for different widths share similar feature learning dynamics. How about optimal hyperparameters?

o Experimental results show that pP for networks with different widths have similar optimal learning rates.
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p-transfer: Hyperparameter transferability and empirical results

Standard Practice mup

Training Los:

40

35— 8192 T optimum stable —p 7

-20 -18 -16 -14 -12 -10 -20 -18 -16 -14 -12 -10
log;LearningRate logzLearningRate

Figure: Loss of Transformers trained with Adam and pP against learning rate for different network widths [114].

Remarks: o Under uP, the optimal learning rate remains largely unchanged when scaling network width.
o u-trasfer works for fixed batch-size.
o Theoretical foundations for p-transfer relate to the edge of stability and sharpness [92].
o uP can be extended to more complex network architectures, algorithms and training objectives.

> ResNet [10].
> State-space models (SSM) [108].

> Sharpness-aware minimization (SAM) [37].
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1P and p-transfer for depth and ResNet hyperparameter transfer [10]

o Direct hyperparameter transfer across depths is difficult, as original P causes inconsistent training dynamics.
o Residual connections are needed for depth-wise hyperparameter transfer.

o Scaling residual branches by 1/ VL ensures feature learning and transfer across both depth and width.

0.50 318

-268

/E 218
A // oo
— L

o

Train Loss
wdag

-18

1072 107t
Learning Rate Learning Rate
(a) ResNet + uP, BatchNorm (b) % ResNet + pP, BatchNorm

Figure: Impact of 1/ VL scaling on ResNet18 training loss (CIFAR-10, 20 epochs). This scaling enables hyperparameter
transfer when the depth is scaled [10].
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Recall: State space models (SSM)

o A state-space model is a framework using state variables to describe a system’s dynamics over time.

o The Selective and Structured State Space Model (S6) enhances SSM through two key aspects:

> Incorporating a selective attention mechanism to focus on key parts of the input sequence.

> Using a structured state-space model to capture the temporal dynamics of continuous data.

Discretization

RUp

2} e RY

Per Channel Parameter Generation
A©

i+ b
s wdeast(W.u; +5.)
1 = Softplus(m £ .)

Figure: lllustration of Mamba S6 Layer: Selection, discretization, and per-channel linear recurrence enable efficient computation
with adaptive weights. Trainable parameters are shown in blue [109].

Warning: The notation used here differs from the notations introduced for MLPs.
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1P and p-transfer for SSMs
o Original uP is not applicable to SSMs, as SSMs cannot be directly analyzed using the TP framework.
o Spectral conditions effective in MLPs and Transformers do not guarantee feature learning in SSMs.

Conditions for non-trivial feature updates in a S6 Mamba Layer. [109]

The updates in a S6 Mamba recurrent layer y1.1 = fmamba(U1.1) evolve non-trivially in the infinite-width limit
under the following conditions:

| Ny 1 Na 1
=0 A =0 (——— ), ne=0(N,), =0 , =o(—0).
oB ( Nu> oc ( A Nu) n (Nu), nB ( ﬁNu) nc ( e ﬁNu)

Remarks:

o o represents the variance of initialization, while 7 denotes the learning rate for different trainable parameters.

o Experiments show this condition enables hyperparameter transfer to larger SSMs.
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Feature learning and pP: conclusion

o Key takeaways for feature learning:
> Feature learning requires activations and their updates to be properly scaled (©(1)) during training.
> Spectral condition ensures feature learning via spectral norms of weights and updates.

o Key takeaways for uP and pu-transfer:

> uP redefines parameterization achieves maximal feature learning in infinite-width networks.

> u-transfer achieve zero -shot hyperparameter transfer across different network scales.
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Hyperparameter transfer: more...

o Can hyperparameter transfer be achieved from perspectives other than parameterization?

o Yes! Algorithm!
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Recall: Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))

Let hx : RP — R be a model with parameters x and let {(a;,b;)}? ; be
samples with b; € {—1,1} and a; € RP. The ERM problem reads

min ¢ f(x) ::%Zﬁ(hx(ai)abi) )
=il

X

where L(hx(a;),b;) is the loss on the sample (as,bs)-

Some frequently used loss functions
> L(hx(a:), bs) = log(1 + exp(—bihx(a)))
> L(hx(a:),b;) = (bi — hx(a;))? Squared error.
> L(hx(a;i),b;) = max(0,1 — b;hx(a;)) Hinge loss.

Logistic loss.
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Recall: Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))

Let hx : RP — R be a model with parameters x and let {(a;,b;)}? ; be
samples with b; € {—1,1} and a; € RP The ERM problem reads

min ZL (hx(as),b;) 5,

where L(hx(a;),b;) is the loss on the sample (a;, b;).

Other objectives beyond ERM

> miny {% Z:.;l [maxéju(;uooge L (hz (a;+9) ,bi)] } Adversarial training [54].
> miny {% Z:;l [maX&HéHQSC L(hxts (a;), bz)] } e-stability training [9],

Sharpness-aware minimization [28].
> ming maxyee[c) n—lc ZZL:CI [maLx(;;”(;”S6 L (hy (a;+9) ,bc)] Class fairness [95].
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Stochastic gradient descent (SGD) method and its generalizations
o Focus on the following master algorithmic template:

x**1 € arg min oy (d¥, x) + rj (x) (1)
xeX

> o > 0 is the step size
> rj is a convex regularizer ensuring tractability
> dF is the update, defined in the dual (gradient) space, which we call “dual” feedback

o A classic example is the Euclidean regularizer %Hx — x¥|2, which recovers (stochastic) gradient descent:
xFL = xF — oy d* (SGD)

> The dual feedback d* can be the stochastic gradient g*, the full gradient V f(x*), and more...

> When it is the full gradient, then there is an optimal step-size ay = 1/L
> L is the Lipschitz constant of the objective f(x)
> EgF = Vf(x) is often an unbiased estimator with a bounded variance o2

> |t is possible to handle biased estimators [85]

Remark: o Mirror descent uses the Bregman regularizer
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An equivalent characterization of smoothness

Lemma
Let f be a continuously differentiable function. We say f is L-smooth, when ||V f(x) — V f(y)||« <L|x — y||.

J s Lesmooth = f(y) < J60) + (V4 y =) + 2 lly = I

Proof: o By Taylor’s theorem:

1
f(y):f(X)+<Vf(X)7y—X>+/ (Vf(x+7(y —x)) = Vf(x),y —x)dT.
0

Therefore,
1
f(y)—f(X)—Wf(X),y—X)S/ [Vf(x+ 7y —x) = Vi)« Iy —x|ldr
0

! L
SMW—ﬂF/TWTZEW—XW
0
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An equivalent characterization of smoothness

Lemma
Let f be a continuously differentiable function. We say f is L-smooth, when ||V f(x) — V f(y)||« <L|x — y||.

L
f is L-smooth —> f(y) < f(x) + (Vf(x),y =) + 5 Iy — x|
Proof: o By Taylor’s theorem:

1
f(y):f(X)+<Vf(X)7y—X>+/ (Vf(x+7(y —x)) = Vf(x),y —x)dT.
0

Therefore,
1
f(y)—f(X)—Wf(X),y—X)S/ [Vf(x+ 7y —x) = Vi)« Iy —x|ldr
0

! L
§L||y—x\|2/ rdr = =y — x|
0

Question: o When the norm is the £2-norm, what do we get when we minimize this upper bound at x*?
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How can we better adapt to the local geometry?

fx)

Global quadratic upper bound
Qulx,x")

IVi@) =Vl <Llly -zl

L is a global worst-case constant
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How can we better adapt to the local geometry?

Local quadratic upper bound

Qr.(x,x")

£ o x40 = angunin { 1) + (94— ) + B 1)

IVf(@) = VIl < Ly ==l @ T < F6) + V) (e x8) + 4 x4

L is a global worst-case constant > applies only locally
(")
= =
1
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How can we better adapt to the local geometry?

f(x)

f ") :
F0) < FOE) + V)T = xF) + 5l = xF3,
2 :
z1

IHEIT{l  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 43/ 78 EPFL



Preconditioned stochastic gradient descent

o Classical optimization methods treat the problem as a black box.
o If we can accomodate for the geometry, we can gain efficiency

o We can capture geometry with a preconditioned norm associated with the Mahalanobis inner product:

% [lg-2 =/ (x,Hx),

where H is a positive definite matrix.

o With this tool, we can define the preconditioned stochastic gradient descent (PSGD) method:
xFH = xF — o (HF) 1/ 2g". (PSGD)

o Adaptive methods make use of the information from stochastic gradients and their norms to compute H.
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Adaptive gradient methods

Intuition

Adaptive gradient methods adapt locally by setting H;. as a function of past stochastic gradient information.

o Roughly speaking, Hy, = function(g', g2, --- ,g*)

o Some well-known examples:

AdaGrad [22]
Hy = Zf:l g'gt’

RmsProp [106]
Hj, = fH)_1 + (1 — B)diag(g")?
ADAM [63]
H; = BH; + (1 — B)diag(g")?
H;, = Hy/(1 - %)
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AdaGrad - Adaptive gradient method with H;, = \;1

o If Hx = A1, it becomes stochastic gradient descent method with adaptive step-size i—’]z

How step-size adapts?

If the stochastic gradient ||g”|| is large/small — AdaGrad adjusts step-size oy /\j, smaller/larger

Adaptive gradient descent (AdaGrad with H;, = \I) [70]
1. Set QY =0.
2. For k=0,1,..., iterate

Q= gt

H, =0QFI

xk+l gk _ angl/zgk
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AdaGrad - Adaptive gradient method with H;, = \;1

o If Hx = A1, it becomes stochastic gradient descent method with adaptive step-size i—’]z

How step-size adapts?

If the stochastic gradient ||g”|| is large/small — AdaGrad adjusts step-size oy /\j, smaller/larger

Adaptive gradient descent (AdaGrad with H;, = \I) [70]
1. Set QY =0.
2. For k=0,1,..., iterate

Q= gt

H, =0QFI

xk+l gk _ angl/zgk

Adaptation through first-order information

> When Hy = A\ I, AdaGrad estimates local geometry through stochastic gradient norms.

> Akin to estimating a local quadratic upper bound (majorization / minimization) using gradient history.
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AdaGrad - Adaptive gradient method with H;, = Dy

Adaptation strategy with a positive diagonal matrix Dy,

Adaptive step-size + coordinate-wise extension = adaptive step-size for each coordinate

Local quadratic upper bound

Qr(x,x")

qs oxitl = argngn {f(x"') +(VF(x"),x = xF) + %Hx - kai}

o . . k 1 k2
IVf(@) - Vi <Ly —all o 6 < JG) + VI (e =) + Gl =

L is a global worst-case constant applies only locally
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AdaGrad - Adaptive gradient method with H;, = Dy

o Suppose Hj, is diagonal,
Ak,1 0

Hj = s
0 Ak.d

o For each coordinate 7, we have different step-size ;‘T" is the step-size.
W

Adaptive gradient descent(AdaGrad with Hy = D)

1. Set Q¥ =0.

2. For k=0,1,..., iterate
QF  =QF !+ diag(gh)?
H, =QF

xk+l gk _ aklelmgk

Adaptation across each coordinate

> When H; = Dy, we adapt across each coordinate individually.

> Essentially, we have a finer treatment of the function we want to optimize.
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RMSProp - Adaptive gradient method with H; = D;,

What could be improved over AdaGrad?

1. Stochastic gradients have equal weights in step size.

2. Consider a steep function, flat around minimum — slow convergence at flat region.

AdaGrad with H, = D,

1. Set Qo =0.

2. For k=0,1,..., iterate
Q" =QF ! +diag(gh)?
H, =QF

k1l — gk _ akH;1/2gk

o RMSProp uses weighted averaging with constant g

o Recent gradients have greater importance

ICLHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre

RMSProp
1. Set Qp =0.
2. For k=0,1,..., iterate
QF  =pQ ! + (1 - p)diag(gh)?
H, =QF
Xkl — xk _ OckH;l/ng
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ADAM - Adaptive moment estimation

Over-simplified idea of ADAM
RMSProp + 2nd order moment estimation = ADAM

ADAM

Input. Step size «, exponential decay rates 31, 82 € [0,1)

1. Set mp,vp =0

2. For k=0,1,..., iterate
gr =VfEFT
mg = pfimg_1 + (1 — B1)gr < 1lst order estimate
Vi = favi_1+ (1 — BQ)g;CQ < 2nd order estimate
iy, =my/(1— B¥) + Bias correction
Vi = v /(1 — B¥) + Bias correction
H; = \A/k. + €

xktl = xk — aH;l/Zﬁrlk

Output : x*

(Every vector operation is an element-wise operation)
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Leveraging problem structure

o We could leverage the prior knowledge of problem structure (architecture and input domain).
o Hard-code such information into the regularizer .

o Using this regularizer, we will develop in the sequel

1. Steepest descent methods

2. Conditional Gradient methods
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Sharp descent: Steepest descent in a chosen norm

o To generalize SGD beyond the Euclidean case, we can simply regularize with a non-Euclidean norm.

Stochastic sharp descent (SAD)

By defining the sharp-operator [d]* € argmin, ¢ »{(d,x) + %||x||2} [89], the (stochastic) sharp descent
method (SAD) in a normed space is introduced in:

xFHL = 3k _ o[d")". (SAD)

Remarks: o When f is L-smooth, we can use a < % with the deterministic gradients.

o Here are some examples:

> The {oo-norm leads to a sign-based update
xFHL = xF — o) d¥||; sign(d®).
> The spectral norm, matrix analogue to the £oo-norm, gives stochastic spectral descent [14]:
<Pl = xk _ o) o® | URVF, (SSD)
where d* = U*diag(c*)V* is the reduced SVD of d¥.

> The Muon algorithm drops the norm scaling in SSD and combines with Adam [59].
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A relative of the sharp-operator

Definition (Linear minimization oracle)

Let X be a convex, closed and bounded set. Then, the linear minimization oracle of X (Imox) returns a vector

X such that

Imoy (d) := % € arg min d7'x
xeX

Remarks: o lmoy returns an extreme point of X when it is a polyhedral.
o lmoy is not single valued, note € in the definition.

od! = —cl|d||«lmoy /.(d) when X := {x | [[x|| < c}.

o Without loss of generality, we can consider unit norm constraints.
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The unsung hero in deep learning: The conditional gradient method

f* := min {f(x):xGX

xERP

)A(k:

Conditional gradient method (CGM)
1. Choose xV € X.
2. For k=0,1,... perform:

xFFL = (1 — ag)x® + aglmox (V£ (x*))

where o 1=

k%—z is typically used when f is convex.

Remarks: o The step-size « looks like weight decay but is not! More on this later.
o Without the “weight decay,” the algorithm looks like steepest descent in a chosen norm...
> without the dual norm scaling (recall df = —cl|d||«lmoy /.(d) when X := {x | |[x]|| < c})!
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Stochastic conditional gradient methods
Stochastic conditional gradient (SCG) [96, 86]
xFH = (1 — a)x" + aglmo(d”).

Unconstrained stochastic conditional gradient (uSCG) [96]

Instead of the convex combination in SCG (or “weight decay”), we consider an unconstrained version:

XL = xF 4 aglmo(d”) = x* — ad?/||d||..

Remarks: o The stepsize will no longer be required to be oo < 2/L nor o € (0, 1).

o

uSCG is SAD when we drop the dual norm (in the same manner as Muon).

o uSGD with the ¢3-norm is the normalized SGD: x*t1 = xk — aﬁ.

o uSGD with the £o-norm leads to signSGD update [8]: x*t1 = x* — oy sign(d*).

o uSGD with the Seo-norm is x**1 = x* — o, U*V* (i.e., SSD or partial Muon) [14, 59].
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To weight decay, or not?

Tikhonov regularization [107]

. 7
min (%) + & xI13

Remarks: o Updating with the gradient gives: x*+1 = x¥ — o, (Vf(xk) + ,uxk).
o This results in the ubiquitous weight decay update: x*t1 = (1 — pay)x* — ap V F(xF).
o [76] decouples weight decay and objective function x*+1 = (1 — puay)x* — ap VF(xF).
o [76] argues that this update rule results in preconditioned regularizers.
o In contrast, updating with the Imo gives: x**1 = x* — a;Imo (Vf(xk) + ,uxk).
o lmo is not additive: Imo (Vf(xk) + uxk) # lmo (Vf(xk)) + Imo (xk)
o Imo is not linear: lmo(x*) # x*.

o SCG provides strict norm control: ||x*|| < ¢, Vk; when x*+1 = (1 — ap)x* + akclmox/c(dk).
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Further nuances

uSCG with weight decay
Weight decay combined with uSCG can be written as

xFTL = (1 — poy)x" + aglmo(d®)
with weight decay parameter u € (0,1]. This is exactly SCG when p = 1.

Remarks: o The above update does not correspond to minimization with Tikhonov regularization.

o Weight decay in this case changes the objective, the form of which is unclear!

Stochastic case via momentum

In the stochastic setting, lmo and the sharp-operator may be biased even if V f(-,£) is unbiased, when Imo or
the sharp-operator is non-linear.

db = (1 B)d* ! + BV f(xF, &),
where 8 € (0,1].

Remark: o There are several ways to select dj and we present above only a basic one (cf., [121]).
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Choice of norm constraint

o Choose the appropriate norm from the operator norm perspective [64].

o Consider a linear MLP with layers defined as:
g M@ =Xia, @) =X, wef2,..., L}
where X, € R%utXdin and the loss function is £(g(%),b).

o Feature learning states that the typical element of the vectors should be of order ©(1).

Norm bounds
To control hidden activation g(¥) (z) growth with the input z € R%, we enforce one of these norm bounds:
> Average Entry Bounded: f”g(@(z)\\l <1

ut

> Typical Entry Bounded: ||g(® (z)||rms < 1, where ||z||rms = %Hz”g

> Max Entry Bounded: ||g(® (z)]|co < 1
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Choice of norm constraint

o Control operator norm constraints on weights {X;} can ensure bounded activations g(©)(z).

Definition (Operator norm)

The operator norm quantifies how much a matrix X stretches inputs between normed spaces.

o Xzlls _
|X[a—p := max = sup [Xz|g.
2eRd 220 [|1Zlla 2 <1
Remarks: o If ||z||la < 1, then the output || Xz||s is bounded when [|X||o— g is bounded.

o Operator norm transformations:

1. If ||z]lg < pllz]|c for all z, then || X|lo—s < plIX|la—se-
2 1F lalla > L z]lc for all 2, then [X[larsp < pllX]lerss.

o Vector norm relations:

zlloo < llzll2 < ||zl < Vdlz]l2 < d]z]|.
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Layerwise norm selection

o Different layers may require different norms [7].
Operator norm choices for the MLP [96]

> Initial layer: HX1||a14>RMS <1
> Intermediary layers: | X¢|[rms—rvs <1, V2 € {2,...,L —1}.
> Last Iayer: ”XLHRMS—>5L <1.

Remarks: o The operator norm for the intermediary layers || - [[rMs—RMs is a scaled spectral norm:
d:
IX|IrRMs—RMS = (X5 -
dout

o For the intermediary layers, Imo is set to ,/ %UVT.
n

o The choice of input norm aj and output norm (3;, depends on the application.
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Layerwise norm selection

Input layer with language data [96]

Input is typically 1-hot encoded, meaning ||a|l = ||al|2 = [lall1 = 1.
> Equivalent operator norms: || X1 ||co—rMs = [|X1|l2—rMms = [|X1]/1—RMS-
> lmo can be computed exactly through || - ||1—rms: col;(X1) — \/dout%

or alternatively || - ||2—rms provides a more aggressive update scaling factor: +/dout/d;, UV "

Output layer [96]

We have no restriction to bound the output in ¢gms and can instead bound the maximal entry using {oo.
. Xr)
> 1 ted through || X Tt
mo is compute rough || XL ||rRMS = 00" \/7 Trow, (Ro)Tz

> Alternatively, we can bound || X[ |[[RMS— 00 < (T.”XLHIHoo' then lmo is set to % sign(Xp).
in in
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Empirical results

o We define uSCG and SCG with operator norms as UNCONSTRAINED SCION and SCION, respectively.

o We build on the Muon codebase [58]:

Adam Muon scion Unconstrained Scion
B T

e 768 (1240)
— 1260 (300m)
— 2560 018)

Remarks: o SCION and UNCONSTRAINED SCION maintain optimal stepsize across model widths.
o Even when the Muon is tuned on the largest model size it achieves a validation loss of 2.988
o In comparison, UNCONSTRAINED SCION obtains 2.984.
o These methods eliminate the need for Adam in Muon's implementation.
o SCION shows advantages in long-term runs [74].
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lllustration of norm control
o Spectral norm is constrained in SCION.

o This is key in improving generalization (see Lecture 9 of EE-556).

Scion
25
— Llayer1
—— Layer 2
— Layer3
20 — Layer4
—— Layer5
Layer 6
Es
s
2
e
©
2
&10
5
0l— T v v v T
0 1000 2000 3000 4000 5000
Steps

Figure: Spectral norm of weight matrices on NanoGPT (124M). The linear stepsize decay starts at iteration 3650.
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lllustration of norm control
o Spectral norm is constrained in SCION.

o This is key in improving generalization (see Lecture 9 of EE-556).

test error vs. # params norm vs. # params test error vs. norm

1.0 40 1.0 1000
08 30 08 . 800
Sos6 Sos6 nep 2 Beoo
2 20 . g
goa goa - s Maoo
5
g
bt
02 0 02 + #200
00 o 250 500 750 1000 00 200 400 600 800 1000 00 o 10 20 30 40 0
# parameters # parameters norm

Figure: Cévher overfitting: You can achieve the same loss but the one that has the least norm is often better.
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NanoGPT p-transfer

o Scale up to a 3B parameter model using the 124M proxy model’s optimal setup.

Adam Muon UNCONSTRAINED SCION | SCION

3.024 2.909 2.882 2.890
* —#*— Adam
~»— Muon

3.8

Validation Loss
w w
S Y

w
N

3.0

—— Scion

Unconstrained Scion

o 1000 2000 3000 4000 5000
Steps
Remark: o SCION- like algorithms show advantages in long-term runs [74].
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On the effect of the batch size

o Fix the total tokens and sweep batch sizes, adjusting steps accordingly.

o (UNCONSTRAINED) SCION maintains lower validation loss as batch size increases, outperforming baselines.

a2 Method -
—*=— Adam
== Muon
*
= Scion
0 Unconstrained Scion

Minimum Validation Loss

1000 2000 3000 4000 5000 6000
Batch Size
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The sweet spot for the momentum parameter

o While the relationship is complicated, it is possible to derive an optimal momentum parameter [96].

Scion (bz=2048)

4.2

4.0 4

Min Validation Loss
w

o

\.\

./
3.4 ./
.
\././
324 . . . .
0.0 0.2 0.4 06 08
Momentum
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Learning rate scheduling

o Choosing a sequence of step sizes for an algorithm {ak}£:1 is a core problem in optimization.

Definition
Learning rate scheduling incorporates two elements:
1. A baseline learning rate o, which can be determined adaptively;

2. A schedule baseline multiplier, which has a predetermined sequence of values {sk}gzl .

Example: o How can we incorporate a learning rate schedule into gradient descent (GD)?

GD with step size scheduling

1. Set x° € dom ().
2. For k=0,1,..., iterate

{ xFtl = xF — as, VF(xF)
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Basic forms

o The choice of schedule is empirically motivated.

o Basic examples include linear, exponential and step-ladder-like decreasing sequences [6].

10 —— Linear
0.8 Exponential
—— Step

0.6
04
0.2

0.0
0 200 400 600 800 1000

Figure: Example of common schedule (sub)sequences.

Warm up

[36, 65] note how better results for computer vision models can be achieved by adding a warm up phase where
the step-size scheduler initially increases the step-size multiplier from a small value to a large one.
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Additional considerations

— Power = Cosine

0.015

50k 100k 150k 200k 250k

Figure: Example Warm-up+Runtime+Cool-down schedules vs. cosine annealing schedule. Credit: [103].

Fusion of ideas

[78, 124] motivate three-phase schedules with results for residual neural networks and vision transformers:
1. Warm-up schedule with increasing step size.
2. Runtime schedule with constant or decreasing step size.

3. Cool down or Ramp down or Decay phase of sharp learning rate decrease.

Remarks: o [122] theoretically motivates fast linear decay at the end of schedules.

o [55] describes the benefits of non-linear step size cool-down for language models.
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From algorithm to real implementation

o Algorithms are crucial for deep learning.

o System implementation is also essential for scalable deep learning.
> Data parallelism
> Model parallelism
> Pipeline parallelism

o System constrains can easily eliminate a theoretically optimal algorithm from being applied.
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Data parallelism
o Partition training data into batches, and deploy the entire model on each GPU.

o Compute the gradient of each GPU and aggregate them for the update.

o Cannot train large models that exceed GPU device memory.

_..%
ML Model

Training Dataset _, %

GPUN

Gradients

Aggregation

Figure: Data parallelism [26]
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Model parallelism

o Split a model into multiple parts and deploy them on multiple GPUs.

o It is challenging to split a model correctly.

>

ML Model Model GPU 1

3
2
;

Parallelism

A\ —>

.

A\

Training Dataset
GPU 2

Figure: Model parallelism [26]
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Tensor parallelism

o Tensor parallelism is a type of model parallelism.

o Parameters/gradients can be partitioned within a layer.

10 14
0 1 2 3 11 15 74 98
4 5 6 7 12 16 - 258 | 346
X 13 17 Y
A
Column parallelism Row parallelism
All \
n X1 Al Y1
. - EE . EE
SO
nonn =] 7
- E [ [EE »
s
g
CEEE  [F 7
n X2 A2 Y2
X Y1
]

Figure: Tensor parallelism [27]
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Tensor parallelism: example

o Update an MLP without GPU synchronization until the end.

o Multihead attention layer is inherently parallel, simplifying parallelization.

Y = Self-Attention(X) ‘

y Y = GeLU(XA) - Z = Dropout(Y B) \\
[ \ f 1
] 1 Lpa | | '=-=:) "
= X.
x4 o [im | dmﬁ
X|= ! =B |= ] 3
| ! * -
= |x ! :
) i
I I
| |
| |
|
’

:.,#.

il =|x -:-ej
LR
1 1 = ]
\ A=[A;, Ay /R - B ) : —ioi i % Ba
~ = T~ 2 _ split attention hmi-—> 1( [E1y K] T
(a) MLP St
a
(b) Self-Attention

Figure: Blocks of Transformer with Model Parallelism [104]
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Pipeline parallelism

o Naive model parallelism under-utilizes compute (fig b).

o Pipeline parallelism splits mini-batches into micro-batches for parallel execution (fig c).
o Must store activations of all micro-batches before backpropagation.

o Idle time called “bubbles” reduces efficiency.

o Methods to improve efficiency or reduce memory: PipeDream [42], DAPPLE [24], PipeMare [113].

Fo B. Update
Loss
\ F, B.
Device 3 F. B. Fo B.
4 | F Time > B.
Device 2 F. B.
4 (b)
Device 1 F B, Fao | Fos | Fsa | Fas| Bss | Bsz | Bas | Boo Upcato
- Fao | Far | Faz | Fas Bes | Bez | Bas | Bas Upcate
Device 0 Fo B.
Fro| Fus|Faz[Fra| Y | Bia | Biz | Bus | Buo Update
/ Foo | For | Foz | Fos ‘ Bubble | Bos | Boz | Bar | Boo | Updte
Gradients
(@ ©)
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Parallelism comparison

Table: Comparison of parallelism strategies in deep learning [26]

Parallelism | Pros Cons
. o Massively parallelizable o Do not support out-of-memory models
ata
o No communication during forward/backward | o Poor scaling for large models
o Support large models o Limited parallelizability
Model
o Efficient for large parameter counts o Need intermediate result transfers
o o Support large-batch training o Bubbles reduce utilization
Pipeline

o Efficient for deep models

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 76/ 78



3D parallelization

Pipeline Model Parallelism

AN

/a N
Data Parallel Rank O

Pipeline Stage 1 Pipeline Stage 2

Pipeline Stage 0
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Figure: 3D Parallelism in DeepSpeed [98]
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Wrap up!

> Lecture 3 about Data next Thursday!
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Towards training with neural networks

o What do we have at hand?
1. The optimization objective f(x) from multi-layer, multi-class, convolutions, transformers, etc.
2. First-order gradient via backpropagation V f(x)

o Barriers to training of neural networks:

1. Curse-of-dimensionality — first-order methods
2. Non-convexity — stochasticity + momentum
3. lll-conditioning — adaptive gradient methods

Figure: A non-convex function. (a) and (c) are plateaus, (b) and (d) are global minima, (f) and (h) are local minima, (e) and
(g) are local maxima. [38]
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Stochastic Gradient Descent (SGD) and some key variants

Vanilla (Minibatch) SGD

Input: Stochastic gradient oracle g, initial point ¥, step size ay,

1. For k =0,1,...
obtain the (minibatch) stochastic gradient g*
update x*t1 « xF — 4, gk
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Stochastic Gradient Descent (SGD) and some key variants

Vanilla (Minibatch) SGD

Input: Stochastic gradient oracle g, initial point ¥, step size ay,

1. For k =0,1,...
obtain the (minibatch) stochastic gradient g*
update x*t1 « xF — 4, gk

Perturbed Stochastic Gradient Descent [31]

Input: Stochastic gradient oracle g, initial point U, step size oy,

1.For k=0,1,...:
sample noise £ uniformly from unit sphere
update zFt1 < 2F — ay(gF +¢)

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 2/ 36



Stochastic Gradient Descent (SGD) and some key variants

Vanilla (Minibatch) SGD

Input: Stochastic gradient oracle g, initial point ¥, step size ay,

1. For k =0,1,...
obtain the (minibatch) stochastic gradient g*
update x*t1 « xF — 4, gk

Perturbed Stochastic Gradient Descent [31]

Input: Stochastic gradient oracle g, initial point U, step size oy,

1.For k=0,1,...:
sample noise £ uniformly from unit sphere
update zFt1 < 2F — ay(gF +¢)

*Stochastic Gradient Langevin Dynamics [111]

Input: Stochastic gradient oracle g, initial point U, step size ay,

1. For k=0,1,...
sample noise ¢ standard Gaussian
update z*t1 — z! — ag gk + 2ar€
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Basic questions:

1. Does SGD converge with probability 17
2. Does SGD avoid non-minimum points with probability 17

3. How fast does SGD converge to local minimizers?
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Critical points

Recall (Classification of critical points)
Let f: R% — R be twice differentiable and let & be a critical point. Let {)\i}le be the eigenvalues of the
hessian V2 f(Z), then

> X\; >0 for all : = & is a local minimum

> X\; <0 forall i = & is a local maximum

> X\; >0, A\j <0 for some ¢,5 and A\; # 0 for all i = & is a saddle point

> Other cases = inconclusive

Figure: Minmax saddle (X; # O for all ) Figure: Monkey saddle (A; = O for some %)
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The strict saddle property

Definition (Strict saddle)

A twice differentiable function f : R* — R is («, B, €, 8)-strict saddle if for any point x at least one of the
following is true

L [[Vf()] >e
2. Amin (V2f(x)) < —B.

3. There is a local minimum x* such that ||z — x* || < § and the function f restricted to a 26 neighborhood
of * is o strongly convex.

(Informal)

For any point whose gradient is small, it is either close to a local minimum, or is a saddle point (or local
maximum) with a significant negative eigenvalue.
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Q1: Does SGD converge?

o SGD converges to the critical points of f as k — co.
1. GD converges from any intialization with constant step-size and full gradients
2. With probability 1, (P)SGD does not converge with constant step-size ~y [5, 99]
3. With probability 1, SGD converges with vanishing step-size if x* is bounded with probability 1 [75, 5]

Boundedness is not required (Theorem 1 of [84])

Assume Lipschitzness, sublevel regularity, E||g||? < 07 and Zk 'y;rq/z < 00 (g >2). Then, x* converges with

probability 1.
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Q2: Does SGD avoid saddle points?

o SGD avoids strict saddles (Amin(V2f(x*)) < 0)
1. GD avoids strict saddles from almost all initializations [69]
2. With probability 1 — ¢, PSGD with constant ~ escapes strict saddles after (log(l/c)/'yz) iterations [32]

> However, SGD does not converge with constant -y

> We cannot take { = 0

SGD avoids traps almost surely (Theorem 3 of [84])

Assume bounded uniformly exciting noise and v = O (k%) for k € (0,1]. Then, SGD avoids strict saddles
from any initial condition with probability 1.

Remark

However, there are LIONS™ hidden in the tall grass: converging to sharp minima or even local maxima and
other undesirable behaviours are unfortunately possible [126]...
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Q3: How fast does SGD converge to local minimizers?

o SGD remains close to Hurwicz minimizers (i.e., x* : Amin(VZ2f(x*)) > 0)

1. SGD with constant v can obtain objective value e-close to a Hurwicz minimizer in O(1/¢2)-iterations
(32, 34]

> However, SGD does not converge with constant

> Need averaging which is problematic in non-convex optimization

Using a vanishing step-size helps! (Theorem 4 of [84])

Using v, = O (%) SGD enjoys a O (%) convergence rate in objective value.
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Using 1/k step-size decrease helps in practice

o ResNet training at different cool-down cut-offs

1.0 85
cutoff=70 cutoff=70
cutoff=80 - cutoff=80
cutoff=90 cutoff=90
cutoff=95 - cutoff=95
0.9 —— constant 84| —— constant
® 0.8 X 83
=] |
s 3
3 e
8 3
o7 < 82
0.6 81
0. 8
0 20 40 60 80 100 30 40 50 60 70 80 90 100
epoch epoch
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Frank-Wolfe’s approach - |

7= min {9 s x €

xXERP

Conditional gradient method (CGM, see [57] for review)

A plausible strategy which dates back to 1956 [29]. At iteration k:
1. Consider the linear approximation of f at x*

Pr(x) = F(x*) + V()T (x = x*)
2. Minimize this approximation within constraint set
%* € min ¢y (x) = min Vf(x*)Tx
TEX TEX
3. Take a step towards X* with step-size ay, € [0, 1]

xFtl = xk 4 ak(f(k — xk)

> xkt1 is feasible since it is convex combination of two other feasible points.
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Frank-Wolfe’s approach - Il

7= min {760 i xe v}

Conditional gradient method (CGM)

1. Choose xV € X.

2. For k=0,1,... perform:
xF 1= arg min Vf(xk)Tx
xeX

xFHL = (1 — ap)x* + akF,

where o 1= %Jrz

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 11/ 36



Layerwise norm selection

Input layer with image data

The input a is rescaled to [—1, 1], ensuring ||a|lrms < 1.

> The appropriate operator norm is || X1 ||rMs—RMS = i 1X1]|so -

dOth
> Imo is set to 4 /%UVT.
n
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Summary of norm choices

Table: Example Imo choices for 1-hot encoded inputs.

Parameter W1 (image domain) W1 (1-hot encoded input)
Norm RMS — RMS 2 — RMS ‘ 1 — RMS 1— o0
LMO max(L, \/dout/di UV T Vet UVT col; (W1) Wout% sign(W7,)
Init. Semi-orthogonal Semi-orthogonal | Column-wise normalized Gaussian | Random sign

Table: The choice of lmo can be different between layers and can d

overload notation and write the reduced SVD as W, = Udiag(o)V

ejgend on the assumptions on the input. For simplicity we

€ R%ut Xdin for all £ € [L].

Parameter | {Welicpp,. . 11 Wy,
Norm RMS — RMS RMS — RMS | RMS — oo | 1o
W -
LMO Vdout/ainUVT |\ /dow/ai,UVT | row;(Wy) — W % 2 sign(Wr)
Init. Semi-orthogonal Semi-orthogonal Row-wise normalized Gaussian Random sign
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Scion additional experiments

IWalls. = /%2 IWalls. = max(1, /%) W1~ NO, )

2*1

-2
n 2
=
<

2*3

—_— || —————— —
25 210 212 2& 210 212 28 210 212
width width width

Figure: Coordinate check at initialization: Preactivations vary with spectral scaling 4/ t when din > dout-

» Go back to page 26
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Scion additional experiments

We additionally test ScioN on a CNN on the CIFAR10: (Spectral — Spectral — Sign)

Scion on CIFAR10

1.00
width-factor
0.95 1 05
— 1.0
— 20
0.901 40
> 0.85 1
9
e
5
5 0.801
®
k)
8
F 0.75
0.704
0.65
0.60 . . . . .

-8 -6 -4 -2 0
log, Learning Rate
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Scion additional experiments

Scion Unconstrained Scion
— Layer1 351 — Layer1

007 — Layer2 — Layer2
— Layer3 30{ — Layer3

006 — Layerd —— Layer4
—— Layers. —— Layers

Layer 6

Spectral norm
Spectral norm

0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
Epochs Epochs

Figure: Spectral norm of weight matrices on CIFAR10, while sweeping over total number of epochs. The spectral norm grows
empirically as /n for UNCONSTRAINED SCION with a fixed stepsize «, whereas the norm (provably) stays bounded for SCION.
Due to the spectral norm control, one can expect the weight decay in SCION to be particularly useful for numerical stability in
long runs in low-precision.
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Special instantiations

Table: Special instantiations of uSCG and SSD according to different choices of norm. The reduced SVD is given as

d = Udiag(a)V "

[ | Method [ ox | Norm [ —Imo(d) / [d]f | Reference

SGD 1 Euclidean || - |2 d

% | SGD with momentum [0,1] Euclidean || - ||2 d

< | PSGD (AdaGrad, RMSProp) 1 Euclidean || - |2, 5 (H)~ 1724

£ [ Norm-scaled sign 1 Max-norm [[ - [[oo [Id]1 sign(d) [61]

& | Norm-scaled sign with momentum | [0,1] | Max-norm || - ||co |d]|1 sign(d)
Spectral descent 1 Spectral || - ||s., lo[.UVT [14]
Spectral descent with momentum | [0, 1] Spectral || - ||s.. llolLuvT

£ | Normalized SGD 1 Euclidean || - |2 ”dd”2 [46]

& | Normalized SGD with momentum | [0,1] Euclidean || - |2 - Hddl\z [19]

§ SignSGD 1 Max-norm || - [0 sign(s) [8, Thm. 1]

2 | Signum 0,1 Max-norm || - ||co sign(s) [8, Thm. 3]

° | MuonT 0,1 Spectral || - [[s.. UV [59]
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