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Outline

▶ Scaling laws
▶ Feature learning
▶ Tensor programs & µP initialization and µ-transfer (hyperparameter transfer)
▶ Optimization algorithms
▶ Systems optimizations
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Large language models (LLMs): A story of scaling

Figure: Scaling law forecast for ARC (Llama 3) Figure: Naive scaling of Mamba worsens the performance

◦ More compute through larger models, more training data, or longer training improves performance.

◦ Is “scale” all we need?

▶ Need guidance on the adjustments of models, training procedures, and hyperparameters when scaling up.
▶ Need scaling rules that allow predictability and optimality!
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On predictability: Scaling laws

Definition (Neural scaling law [48])
Neural scaling laws describe how neural network performance changes as key factors are scaled up or down.

Remarks: ◦ In general, neural network (pre)training can be characterized by four factors:

1. Size of the model (N): number of parameters

2. Size of the training dataset (D): number of samples or tokens

3. Compute (C): measured in FLOPs (FLoating-point OPerations)

4. Test loss after training (L): generalization performance
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Scale and performance

◦ Increasing compute, dataset and model size improves performance, particularly in language models.

Figure: Neural scaling laws for language modeling [60].

Remarks: ◦ Language modeling performance improves smoothly as we “scale.”
◦ For optimal performance all three factors must be scaled up in tandem.
◦ Test performance has a power-law relationship with each individual factor.
◦ These are empirical curve fits rather than scaling “theory.”
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Kaplan scaling laws [60]: Power law relationships
◦ Test loss exhibits a power law relationship with available resources.

Scaling Laws [60]

1. For models with a limited number of parameters, trained to convergence on sufficiently large datasets:

L(N) =
(
Nc

N

)αN

, αN ∼ 0.076, Nc ∼ 8.8× 1013 (parameters)

2. For large models trained with a limited dataset with early stopping:

L(D) =
(
Dc

D

)αD

, αD ∼ 0.095, Dc ∼ 5.4× 1013 (input samples)

3. When training with a limited amount of compute, a sufficiently large model, and a sufficiently small batch
size (making optimal use of compute):

L(Cmin) =
(
Cc

min
Cmin

)αmin
C

, αmin
C ∼ 0.050, Cc

min ∼ 2.3× 108 (PF-days)

Remarks:◦ [60] estimates the constants through extensive empirical analysis on language models.
◦ Scaling laws are widely observed: speech [49], image classification [123], reinforcement learning [101].
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Upshot of a scaling law: The compute allocation decision

A compute allocation scheme proposed by [60]
Given a fixed budget of compute C, the model size N ,
the batch size B, and the training steps S should scale
as N ∝ C0.71, B ∝ C0.24, and S ∝ C0.03, respectively.

Figure: Efficient training should stop before convergence.

Observations: ◦ Most of the compute should be invested on model size.

◦ The scheme suggests that the training steps should almost be held fixed when scaling.

◦ Large models should be under-trained, if trained efficiently.

◦ The allocation scheme serves as a scaling rule to guide model training.

Training LLMs | Prof. Volkan Cevher, Prof. Caglar Gülcehre Slide 8/ 78



Chinchilla scaling law and its allocation scheme

Chinchilla Scaling Law [50]
Hoffman et al. [50] propose the following approach combining model size and data size:

L(N,D) = E +
A

Nα
+

B

Dβ
,

where E is the irrecoverable error and A,B, α, β are estimated constants.

Remarks: ◦ The functional form of L(N,D) proposed by [60] is L(N,D) =
[(

Nc
N

) αN
αD + Dc

D

]αD

.

◦ This rule recovers the first two scalings on page 7 when we take D (N , resp.) to infinity.

Chinchilla Allocation Scheme
When scaling up compute C, the model size N and dataset size D should increase at the same rate.

Remarks: ◦ This is drastically different from what Kaplan’s model projects [60]!

◦ Hoffmann et al. [50] validated this result through three different numerical procedures.

◦ Hoffmann et al. [50] did not account for batch size scaling like Kaplan et al. [60] did.
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On the existence of a critical batch-size for training

Figure: The scaling of optimal learning rate with respect to the batch size saturates [80].

◦ Large batch sizes are desirable, as higher parallelism leads to shorter serial training time [120].

◦ The speedup gained from large batch sizes saturates as the batch size increases [80].
▶ ϵmax: step size maximizing loss drop given the true gradient.
▶ ϵopt(B): step size maximizing expected loss drop given the noisy gradient estimated from a B-sized batch.
▶ B (see [120]): a quantity that is correlated with noise-to-signal ratio of gradient estimation.
▶ B = B: optimal batch size; the gain in training speed (step size) significantly decreases if B > B.
▶ The above figure was derived for SGD, but the insight may be (rigorously) extrapolated for ADAM [72].
◦ Unfortunately, a larger batch size often lead to worse generalization [62].
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Scale and performance: a detour for emergent capabilities

Figure: Some LLM capabilities emerge abruptly with scale [110].

◦ Discontinuity manifested in emergence may be an artifact of the used metrics being discontinuous [102].
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The story of scale continues beyond pre-training

◦ There is increasing interest in post-training scaling as well as test-time scaling.

Figure: NVIDIA CEO Jensen Huang discusses AI scaling laws during CES 2025 [source].

◦ Post-training: finetuning [125], quantization [13], pruning [16], distillation [12], etc.

◦ Test-time: thinking time [87], dynamic model adjustment [33], etc.
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Scaling laws (i.e., curve fits) vs. Scaling theory

Figure: McLeish et al. [81] show that scaling law slope is sensitive to many experimental designs

◦ Kaplan et al. [60] and Hoffmann et al. [50] extracted different scaling laws, but neither of them is wrong.

◦ Tweaking seemingly innocuous experimental design changes the scaling law slope [81].

Remarks: ◦ Some notable settings that affect scaling laws are as follows:
▶ parameter counting rule (i.e., include or not include embedding parameters)
▶ width and depth ratio of the model
▶ learning rate scheduler
▶ data points sampled for numerical fits
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Towards scaling theory beyond curve fitting

◦ Desiderata for the theory and methodology:

▶ Predictability: Project with certainty regarding how performance improves with scale.
▶ Optimality: Provide theoretical guidance on the training of highly performant models.

◦ Our methodology will be based on the following:

▶ Investigate the impact of taking width and/or depth to infinity (see the next slide for examples).
▶ Focus on intuitive objectives, such as training stability and effectiveness of updates.
▶ Develop algorithms that exploit and adapt to the structures in the training formulations.
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Limits taken in deep learning theories

◦ Infinite width, finite depth:
▶ Neural network Gaussian processes correspondence: Neal et al. [88], Daniely et al. [20], Lee et al. [67],

Matthews et al. [79], Yang et al. [115], Novak et al. [93].
▶ Neural tangent kernel (NTK) limits under different architectures: Arora et al. [4], Du et al. [21],

Litwin-Kumar et al. [73], Alemohammad et al. [1], Hron et al. [51], Huang et al. [53].
▶ Mean-field/µP limits: Chizat et al. [17], Mei et al. [82], Rotskoff et al. [100], Sirignano et al. [105], Araújo

et al. [3], Fang et al. [25], Yang et al. [117].

◦ Infinite width, then infinite depth:
▶ Poole et al. [97], Pennington et al. [94], Chen et al. [15], Hanin [39], Hanin and Rolnick [41], Hayou et al.

[44], Hayou [43], Hayou and Yang [45], Yang et al. [118].

◦ Infinite width and infinite depth:
▶ Hanin and Nica [40], Hu and Huang [52], Li et al. [71], Noci et al. [90], Noci et al. [91], Bordelon et al. [11].
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Setting the stage with the key ingredient: NN architectures
◦ We consider an L-layer fully-connected neural network with input a ∈ Rp and output b ∈ R1:

h(0)(a) = a,

h(l)(h(l−1)) =

activationy
σ


weight

↓[
Xl

]input features
↓[

h(l−1)

]
︸                              ︷︷                              ︸

pre-activation gl

,

b = hx(a) = h(L)(h(L−1)(· · · )) =
1
α
σ

(
XLh

(L−1)(· · · )
)
, x := [X1,X2, · · · ,XL] .

(L-Layer NN)

▶ Architecture: m is the width and α is the output scaling factor.
▶ Parameters: X1 ∈ Rm×p, XL ∈ R1×m, Xl ∈ Rm×m for l = 2, 3, . . . , L− 1 (weights).
▶ Initialization: X1 ∼ N (0, β2

1), XL ∼ N (0, β2
L), Xl ∼ N (0, β2) for l = 2, 3, . . . , L− 1 (weights).

▶ Activation function ReLU: σ(·) = max(·, 0) : R→ R.
▶ Without loss of generality, we will avoid the bias variables in the sequel.
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Another key ingredient: Loss function

Definition (Loss function)
A loss function L : B × B → R on a set is a function that satisfies some or all properties of a metric. We use
loss functions in statistical learning to measure the data fidelity L(h(a), b).

Definition (Metric)
Let B be a set. A function d(·, ·) : B×B → R is a metric if ∀b1,2,3 ∈ B :
(a) d(b1, b2) ≥ 0 for all b1 and b2 (nonnegativity)
(b) d(b1, b2) = 0 if and only if b1 = b2 (definiteness)
(c) d(b1, b2) = d(b2, b1) (symmetry)
(d) d(b1, b2) ≤ d(b1, b3) + d(b3, b2) (triangle inequality)

Remarks: ◦ A pseudo-metric satisfies (a), (c) and (d) but not necessarily (b).
◦ Norms induce metrics while pseudo-norms induce pseudo-metrics.
◦ A divergence satisfies (a) and (b) but not necessarily (c) or (d)
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Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))
Let hx : Rp → R be a model with parameters x and let {(ai, bi)}n

i=1 be
samples with bi ∈ {−1, 1} and ai ∈ Rp. The ERM problem reads

min
x

{
f(x) :=

1
n

n∑
i=1

L(hx(ai), bi)

}
,

where L(hx(ai), bi) is the loss on the sample (ai, bi).

Some frequently used loss functions
▶ L(hx(ai), bi) = log(1 + exp(−bihx(ai))) Logistic loss.
▶ L(hx(ai), bi) = (bi − hx(ai))2 Squared error.
▶ L(hx(ai), bi) = max(0, 1− bihx(ai)) Hinge loss.

Other objectives beyond ERM
▶ minx

{
1
n

∑n

i=1

[
maxδ:∥δ∥∞≤ϵ L (hx (ai+δ) , bi)

]}
Adversarial training [54].

▶ minx
{

1
n

∑n

i=1

[
maxδ:∥δ∥2≤ϵ L(hx+δ (ai), bi)

]}
ϵ-stability training [9],

Sharpness-aware minimization [28].
▶ minx maxbc∈[C]

1
nc

∑nc

i=1

[
maxδ:∥δ∥≤ϵ L (hx (ai+δ) , bc)

]
Class fairness [95].

Remark: ◦ In the sequel, we will focus on the minimization problems.
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Gradient descent

Definition (Gradient Descent (GD))
Starting from x0 ∈ dom(f), update {xk}k≥0 as

xk+1 = xk − αk∇f(xk) = xk + αkpk.

Notice that pk := −∇f(xk) is the steepest descent (anti-gradient) search direction.

Remarks: ◦ We denote the parameter update at iteration k as ∆xk = xk+1 − xk = −αk∇f(xk).

◦ GD approximates the solution of dx
dt

= −∇f(x), i.e., the limit when the learning rate αk → 0.

▶ The continuous limit is also known as Gradient Flow.

◦ We need an initialization x0 to start GD!
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Initialization in deep ReLU NNs
◦ Initialization: X1 ∼ N (0, β2

1), XL ∼ N (0, β2
L), Xl ∼ N (0, β2) for l = 2, 3, . . . , L− 1 (weights).

Table: Summary of common weight initializations in NN training

Initialization β2
1 (Input Layer) β2 (Hidden Layers) β2

L (Output Layer) α (Output Scaling Factor)
LeCun [66] 1

p
1
m

1
m

1

He [47] 2
p

2
m

2
m

1

NTK [2] 2
m

2
m

1 1

E et al. [23] 1 1 See Remark 1

Xavier [35] 2
m+p

1
m

2
m+1 1

Mean-field [83] 1 1 1 m

µP [117] 1 1
m

1
m2 1

Remark: ◦ Weight initialization influences the training dynamics, affecting convergence and generalization.

◦ The initialization proposed by E et al. [23] for XL follows a Rademacher distribution

▶ E et al. [23] samples the last layer ±βc with equal probability for a fixed βc.
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Phase diagram of initialization methods in two-layer ReLU networks

Figure: Phase diagram of two-layer ReLU networks in the infinite-width limit, illustrating different training regimes [77].

◦ Cyan: Linear (lazy) regime with minimal feature learning; the network behaves like a kernel method.

◦ Green: Condensed (non-lazy) regime where feature learning is achieved.

◦ Blue (boundary): Critical regime balancing feature learning and linearization.

Remark: ◦ Standard parameterizations (e.g., LeCun, He, NTK) follow lazy training in infinite width limit.
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Lazy training

Definition (Lazy-training (or Linear) regime [77])
Define an L-layer fully-connected ReLU NN via (L-Layer NN). Let x(t) := [X1(t),X2(t), . . . ,XL(t)] represent
the weights of network at training time t. As the width m→∞, if the following condition holds

sup
t∈[0,+∞)

∥Xl(t)−Xl(0)∥2
∥Xl(0)∥2

→ 0, ∀l ∈ [L] ,

then the NN training dynamics fall into the lazy-training regime.

Remarks: ◦ [18] identifies the lazy training behavior for m→∞.

◦ In the lazy training, NN parameters stay close to initialization during the training.

◦ The gradient flow of the NN effectively follows the linearization of the NN in lazy training.

◦ We also refer to the regime with this behavior as the linear regime.

◦ Lazy training has been extensively studied both empirically and theoretically [4, 56, 68].

◦ Standard initializations (e.g., LeCun, He, NTK) lead to the lazy regime in the infinite-width limit.
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Critical regime

Definition (Critical regime [77])
Define an L-layer fully-connected ReLU NN via (L-Layer NN). Let x(t) := [X1(t),X2(t), . . . ,XL(t)] represent
the weights of network at training time t. As the width m→∞, if the following condition holds

sup
t∈[0,+∞)

∥Xl(t)−Xl(0)∥2
∥Xl(0)∥2

→ Θ(1), ∀l ∈ [L] ,

then the NN training dynamic falls into the critical regime.

Remarks: ◦ Critical regime is included in the “feature learning” regime.

◦ In the critical regime, parameters deviate from initialization but not excessively, avoiding instability.

◦ Mean field and Xavier initializations follow the critical regime in the infinite-width limit.

◦ The supremum above can tend to infinity for the infinite-width limit.
▶ It typically coincides with an initialization with an extremely small variance [112]
▶ The training dynamics are quite complex in this setting [30].
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Feature learning: definition

◦ How should the weight updates interact during training for “good performance”?

Definition (Feature Learning)
Let ∆h(l) denote the feature change after one algorithmic update for l-th layer. We are in the feature learning
regime if the following properties hold:

1. ∥h(l)∥RMS = Θ(1), ∀l ∈ [L] (stable forward pass),
2. ∥∆h(l)∥RMS = Θ(1), ∀l ∈ [L] (bounded feature update),

where the RMS norm is defined as ∥ · ∥RMS := 1√
m
∥ · ∥2.

Remarks: ◦ Feature learning primarily concerns the early training phase rather than behavior local convergence.
◦ NTK satisfies stable forward passes but have minimal feature updates (i.e., lazy).
◦ If the feature updates ∥∆h(l)∥ are too large, training becomes unstable.
◦ Without a lower bound on ∥∆h(l)∥, features may never appear.
◦ The mean field and µP initializations are useful for feature learning.
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A sufficient condition for feature learning

Definition (Spectral condition [119])
Given an L-layer NN as defined before, consider applying a gradient update ∆Xl to the weight matrix Xl. If
the spectral norms of the weights and the weight updates satisfy the following ∀ 2 < l < L,

∥X1∥S∞ = Θ
( √

m

p

)
∥∆X1∥S∞ = Θ

( √
m

p

)
,

∥Xl∥S∞ = Θ(1) ∥∆Xl∥S∞ = Θ(1),

∥XL∥S∞ = Θ
( √

1
m

)
∥∆XL∥S∞ = Θ

( √
1
m

)
.

then, we have feature learning. The S∞-norm is known as the Shatten infinity norm or the spectral norm.

Remarks: ◦ Spectral condition ensures ∥h(l)∥RMS = Θ(1) and ∥∆h(l)∥RMS = Θ(1)

◦ There is a general version of the spectral condition

▶ It requires that ∥X∥S∞ and their updates ∥∆X∥S∞ scale with Θ
( √

nin
nout

)
▶ nout and nin denote the input and output dimensions of X.

◦ Spectral condition ultimately relies on the tensor programming framework in the sequel.
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Tensor program (TP)
◦ Tensor program is a general framework for expressing NN computations (i.e., forward/backward pass).

Main takeaway [116]
If a set of pre-activations g1, . . . , gL of a network satisfies certain initialization assumptions, under the TP
framework, we have that

1
m

m∑
i=1

ψ(g1
i , . . . , g

L
i )→ a finite computable scalar ,

for any “well-behaved” map ψ a.s. as m→∞. This map needs to be chosen to avoid pathological cases.

Remarks:

◦ Here, 1, . . . , L typically denote depth; in other networks, they may represent, e.g., convolution channels.
◦ The “assumptions" ensure pre-activations and gradients are component-wise iid. at any time during training.
◦ TP characterizes NN dynamics in infinite-width limit by tracking the distributions of activations.

▶ You can visualize coordinate checks on pre-activations ( See example for the SCION algorithm ).

◦ TP can compute Gaussian processes, analyze NTK, and study feature learning in the infinite-width limit.
◦ We need the TP framework to analyze µP initialization in the sequel.
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µP: motivation & key results

◦ Infinite-width networks in NTK regime can not learn features.
◦ Real-world networks benefit from evolving features.
◦ We start with GD/SGD scaling rules parameterizations of learning rate and variance of initialization.

Yet another initialization?
◦ µP (Maximal Update Parameterization) [117] enables effective feature learning even in the infinite-width limit.
◦ µTransfer [114] leverages µP for efficient hyperparameter tuning across scales.
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Parameterization & scaling in neural networks
◦ Standard parameterization with O( 1

m
) learning rate and with infinite width, leads to the linear regime.

◦ Standard parameterization with a constant-order learning rate, results in unstable training.
◦ The scaling of weights and activations at initialization determines whether training leads to feature learning.
◦ A proper choice of parameterization is required to maintain both stability and feature learning.

Kernel
Regime

Neural
Tangent

Standard
𝐿𝑅 = Θ(1/𝑤𝑖𝑑𝑡ℎ)

Maximal
Update
(ours)

Unstable
or

Trivial

Mean Field
when depth=1

Standard
𝐿𝑅 = Θ(1)

Figure: Illustration of scaling effects on network behavior [117].
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Implementation of µP

abc-parameterization [117]
◦ Initialize the weights of each layer as Xl = m−al Wl, where Wl is the actual trainable parameter.
◦ Initialize each entry of Wl such that [Wl]ij ∼ N (0,m−2bl ).

◦ Set the GD learning rate to ηm−c, where η is a width-independent constant.

◦ The Maximal Update Parametrization (µP), for an L-hidden-layer MLP, is defined by the following [117]:

al =

−
1
2 for l = 1,

0 for 2 ≤ l < L,
1
2 for l = L,

bl =
1
2
∀l ∈ [L], c = 0 .

▶ µP updates of every parameter/layer have a non-trivial effect on the output of the network.
▶ µP uniquely enables maximal feature learning in the infinite-width limit within abc-parameterizations.
▶ µP satisfies spectral condition and achieves feature learning.
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An illustration of feature learning with µP initialization

Figure: PCA of Word2Vec embeddings for NTK, width-64, and infinite-width feature-learning networks. NTK embeddings
remain random, while increasing width in the feature-learning regime naturally separates cities and states [117].

◦ NTK limits feature learning, while µP enables evolving features and structured embeddings as width increases.
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µTransfer: Zero-shot hyperparameter transfer with µP

◦ Question: What can we do based on µP’s feature learning properties and its scaling behaviors?

◦ Standard parameterizations (using He/LeCun initialization) do not share similar optimal hyperparameters.

◦ µP for different widths share similar feature learning dynamics. How about optimal hyperparameters?

◦ Experimental results show that µP for networks with different widths have similar optimal learning rates.

Training LLMs | Prof. Volkan Cevher, Prof. Caglar Gülcehre Slide 31/ 78



µ-transfer: Hyperparameter transferability and empirical results

Tensor Programs V:
Tuning Large Neural Networks via

Zero-Shot Hyperparameter Transfer

Greg Yang⇤⇥ Edward J. Hu⇤⇥† Igor Babuschkin� Szymon Sidor� Xiaodong Liu⇥

David Farhi� Nick Ryder� Jakub Pachocki� Weizhu Chen⇥ Jianfeng Gao⇥
⇥Microsoft Corporation �OpenAI

Abstract

Hyperparameter (HP) tuning in deep learning is an expensive process, prohibitively
so for neural networks (NNs) with billions of parameters. We show that, in the
recently discovered Maximal Update Parametrization (µP), many optimal HPs
remain stable even as model size changes. This leads to a new HP tuning paradigm
we call µTransfer: parametrize the target model in µP, tune the HP indirectly on a
smaller model, and zero-shot transfer them to the full-sized model, i.e., without
directly tuning the latter at all. We verify µTransfer on Transformer and ResNet.
For example, 1) by transferring pretraining HPs from a model of 13M parameters,
we outperform published numbers of BERT-large (350M parameters), with a total
tuning cost equivalent to pretraining BERT-large once; 2) by transferring from
40M parameters, we outperform published numbers of the 6.7B GPT-3 model, with
tuning cost only 7% of total pretraining cost. A Pytorch implementation of our
technique can be found at github.com/microsoft/mup and installable via pip
install mup.

1 Introduction
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Figure 1: Training loss against learning rate on
Transformers of varying dmodel trained with Adam.
Conventionally and in contrast with our technique,
different widths do not share the same optimal hy-
perparameter; wider networks do not always per-
form better than narrower ones; in fact they under-
perform the same-width networks in our technique
even after tuning learning rate (see dashed line).
See Sections 3 and 4 for experimental setup.

Hyperparameter (HP) tuning is critical to deep
learning. Poorly chosen HPs result in subpar
performance and training instability. Many pub-
lished baselines are hard to compare to one
another due to varying degrees of HP tuning.
These issues are exacerbated when training ex-
tremely large deep learning models, since state-
of-the-art networks with billions of parameters
become prohibitively expensive to tune.

Recently, [57] showed that different neural net-
work parametrizations induce different infinite-
width limits and proposed the Maximal Update
Parametrization (abbreviated µP) (summarized
in Table 3) that enables “maximal” feature learn-
ing in the limit. Intuitively, it ensures that each
layer is updated on the same order during train-
ing regardless of width.2 In contrast, while the
standard parametrization (SP) ensures activations are of unit order at initialization, it actually causes
them to blow up in wide models during training [57] essentially due to an imbalance of per-layer

†Work done partly during Microsoft AI Residency Program.
⇤Equal contribution. Order is random. Correspondence to {gregyang, edwardhu}@microsoft.com
2i.e., the updates’ effect on activations becomes roughly independent of width in the large width limit.
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Figure: Loss of Transformers trained with Adam and µP against learning rate for different network widths [114].

Remarks: ◦ Under µP, the optimal learning rate remains largely unchanged when scaling network width.

◦ µ-trasfer works for fixed batch-size.

◦ Theoretical foundations for µ-transfer relate to the edge of stability and sharpness [92].

◦ µP can be extended to more complex network architectures, algorithms and training objectives.
▶ ResNet [10].
▶ State-space models (SSM) [108].
▶ Sharpness-aware minimization (SAM) [37].
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µP and µ-transfer for depth and ResNet hyperparameter transfer [10]

◦ Direct hyperparameter transfer across depths is difficult, as original µP causes inconsistent training dynamics.
◦ Residual connections are needed for depth-wise hyperparameter transfer.
◦ Scaling residual branches by 1/

√
L ensures feature learning and transfer across both depth and width.

Figure: Impact of 1/
√

L scaling on ResNet18 training loss (CIFAR-10, 20 epochs). This scaling enables hyperparameter
transfer when the depth is scaled [10].
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Recall: State space models (SSM)
◦ A state-space model is a framework using state variables to describe a system’s dynamics over time.
◦ The Selective and Structured State Space Model (S6) enhances SSM through two key aspects:

▶ Incorporating a selective attention mechanism to focus on key parts of the input sequence.
▶ Using a structured state-space model to capture the temporal dynamics of continuous data.

Per Channel Linear
Recurrence...... ......

Selection

Discretization

Per Channel Parameter Generation

Figure: Illustration of Mamba S6 Layer: Selection, discretization, and per-channel linear recurrence enable efficient computation
with adaptive weights. Trainable parameters are shown in blue [109].

Warning: The notation used here differs from the notations introduced for MLPs.
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µP and µ-transfer for SSMs

◦ Original µP is not applicable to SSMs, as SSMs cannot be directly analyzed using the TP framework.
◦ Spectral conditions effective in MLPs and Transformers do not guarantee feature learning in SSMs.

Conditions for non-trivial feature updates in a S6 Mamba Layer. [109]
The updates in a S6 Mamba recurrent layer y1:L = fmamba(u1:L) evolve non-trivially in the infinite-width limit
under the following conditions:

σB = Θ
( √

Nx

Nu

)
, σC = Θ

( 1
√
NxNu

)
, ηa = Θ(Nu), ηB = Θ

(
Nx√
Nu

)
, ηC = Θ

( 1
Nx
√
Nu

)
.

Remarks:

◦ σ represents the variance of initialization, while η denotes the learning rate for different trainable parameters.
◦ Experiments show this condition enables hyperparameter transfer to larger SSMs.
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Feature learning and µP: conclusion

◦ Key takeaways for feature learning:
▶ Feature learning requires activations and their updates to be properly scaled (Θ(1)) during training.
▶ Spectral condition ensures feature learning via spectral norms of weights and updates.
◦ Key takeaways for µP and µ-transfer:
▶ µP redefines parameterization achieves maximal feature learning in infinite-width networks.
▶ µ-transfer achieve zero -shot hyperparameter transfer across different network scales.
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Hyperparameter transfer: more...

◦ Can hyperparameter transfer be achieved from perspectives other than parameterization?
◦ Yes! Algorithm!
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Recall: Empirical risk minimization and beyond

Definition (Empirical Risk Minimization (ERM))
Let hx : Rp → R be a model with parameters x and let {(ai, bi)}n

i=1 be
samples with bi ∈ {−1, 1} and ai ∈ Rp. The ERM problem reads

min
x

{
f(x) :=

1
n

n∑
i=1

L(hx(ai), bi)

}
,

where L(hx(ai), bi) is the loss on the sample (ai, bi).

Some frequently used loss functions
▶ L(hx(ai), bi) = log(1 + exp(−bihx(ai))) Logistic loss.
▶ L(hx(ai), bi) = (bi − hx(ai))2 Squared error.
▶ L(hx(ai), bi) = max(0, 1− bihx(ai)) Hinge loss.

Other objectives beyond ERM
▶ minx

{
1
n

∑n

i=1

[
maxδ:∥δ∥∞≤ϵ L (hx (ai+δ) , bi)

]}
Adversarial training [54].

▶ minx
{

1
n

∑n

i=1

[
maxδ:∥δ∥2≤ϵ L(hx+δ (ai), bi)

]}
ϵ-stability training [9],

Sharpness-aware minimization [28].
▶ minx maxbc∈[C]

1
nc

∑nc

i=1

[
maxδ:∥δ∥≤ϵ L (hx (ai+δ) , bc)

]
Class fairness [95].
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Stochastic gradient descent (SGD) method and its generalizations

◦ Focus on the following master algorithmic template:

xk+1 ∈ arg min
x∈X

αk⟨dk,x⟩+ rk(x) (1)

▶ αk > 0 is the step size
▶ rk is a convex regularizer ensuring tractability
▶ dk is the update, defined in the dual (gradient) space, which we call “dual” feedback

◦ A classic example is the Euclidean regularizer 1
2∥x− xk∥2

2, which recovers (stochastic) gradient descent:

xk+1 = xk − αkdk (SGD)

▶ The dual feedback dk can be the stochastic gradient gk, the full gradient ∇f(xk), and more...
▶ When it is the full gradient, then there is an optimal step-size αk = 1/L

▶ L is the Lipschitz constant of the objective f(x)
▶ Egk = ∇f(x) is often an unbiased estimator with a bounded variance σ2

▶ It is possible to handle biased estimators [85]
Remark: ◦ Mirror descent uses the Bregman regularizer
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An equivalent characterization of smoothness

Lemma
Let f be a continuously differentiable function. We say f is L-smooth, when ∥∇f(x)−∇f(y)∥∗ ≤ L∥x− y∥.

f is L-smooth =⇒ f(y) ≤ f(x) + ⟨∇f(x),y− x⟩+
L

2
∥y− x∥2

Proof: ◦ By Taylor’s theorem:

f(y) = f(x) + ⟨∇f(x),y− x⟩+
∫ 1

0
⟨∇f(x + τ(y− x))−∇f(x),y− x⟩dτ.

Therefore,

f(y)− f(x)− ⟨∇f(x),y− x⟩ ≤
∫ 1

0
∥∇f(x + τ(y− x))−∇f(x)||∗ · ∥y− x∥dτ

≤ L∥y− x∥2
∫ 1

0
τdτ =

L

2
∥y− x∥2

Question: ◦ When the norm is the ℓ2-norm, what do we get when we minimize this upper bound at xk?
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How can we better adapt to the local geometry?

�f(xk)

x1

x2 f(x)  f(xk) + rf(xk)T (x � xk) +
L

2
kx � xkk2

2

L is a global worst-case constant

krf(x) �rf(y)k  Lky � xk

f(x)

xk+1 = arg min
x

⇢
f(xk) + hrf(xk),x � xki +

L

2
kx � xkk2

2

�

f(xk)

QL(x,xk)

Global quadratic upper bound
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x
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Lk

2
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2

�

f(xk)
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Local quadratic upper bound

applies only locally
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How can we better adapt to the local geometry?

�f(xk)

x1

x2 f(x)  f(xk) +rf(xk)T (x� x
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L

2
kx� x

kk22

f(x)  f(xk) + rf(xk)T (x � xk) +
1

2
kx � xkk2

H�1
k

L is a global worst-case constant

krf(x)�rf(y)k  Lky � xk

f(x)

x

k+1 = argmin
x

⇢
f(xk) + hrf(xk),x� x

ki+ L

2
kx� x

kk22
�

f(xk)
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Preconditioned stochastic gradient descent

◦ Classical optimization methods treat the problem as a black box.

◦ If we can accomodate for the geometry, we can gain efficiency

◦ We can capture geometry with a preconditioned norm associated with the Mahalanobis inner product:

∥x ∥H−1 =
√
⟨x,Hx⟩,

where H is a positive definite matrix.

◦ With this tool, we can define the preconditioned stochastic gradient descent (PSGD) method:

xk+1 = xk − αk(Hk)−1/2gk. (PSGD)

◦ Adaptive methods make use of the information from stochastic gradients and their norms to compute H.
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Adaptive gradient methods

Intuition
Adaptive gradient methods adapt locally by setting Hk as a function of past stochastic gradient information.

◦ Roughly speaking, Hk = function(g1,g2, · · · ,gk)

◦ Some well-known examples:

AdaGrad [22]
Hk =

∑k

t=1 gkgk⊤

RmsProp [106]
Hk = βHk−1 + (1− β)diag(gk)2

ADAM [63]
Ĥk = βĤk−1 + (1− β)diag(gk)2

Hk = Ĥk/(1− βk)
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AdaGrad - Adaptive gradient method with Hk = λkI

◦ If Hk = λkI, it becomes stochastic gradient descent method with adaptive step-size αk
λk

.

How step-size adapts?
If the stochastic gradient ∥gk∥ is large/small → AdaGrad adjusts step-size αk/λk smaller/larger

Adaptive gradient descent (AdaGrad with Hk = λkI) [70]
1. Set Q0 =0.
2. For k = 0, 1, . . ., iterate{

Qk = Qk−1 + ∥gk∥2

Hk = QkI

xk+1 = xk − αkH−1/2
k

gk

Adaptation through first-order information
▶ When Hk = λkI, AdaGrad estimates local geometry through stochastic gradient norms.
▶ Akin to estimating a local quadratic upper bound (majorization / minimization) using gradient history.
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AdaGrad - Adaptive gradient method with Hk = Dk

Adaptation strategy with a positive diagonal matrix Dk

Adaptive step-size + coordinate-wise extension = adaptive step-size for each coordinate

�f(xk)

x1

x2

L is a global worst-case constant

krf(x) �rf(y)k  Lky � xk

f(x)

xk+1 = arg min
x

⇢
f(xk) + hrf(xk),x � xki +

Lk

2
kx � xkk2

2

�

f(xk)

QLk
(x,xk)

Local quadratic upper bound

applies only locally

f(x)  f(xk) + rf(xk)T (x � xk) +
1

2
kx � xkk2

D�1
k

<latexit sha1_base64="RcBFv+9WMTiD8KYpeDUFT84TVOE="></latexit>
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AdaGrad - Adaptive gradient method with Hk = Dk

◦ Suppose Hk is diagonal,

Hk :=

λk,1 0
. . .

0 λk,d

 ,

◦ For each coordinate i, we have different step-size αk
λk,i

is the step-size.

Adaptive gradient descent(AdaGrad with Hk = Dk)
1. Set Q0 =0.
2. For k = 0, 1, . . ., iterate{

Qk = Qk−1 + diag(gk)2

Hk = Qk

xk+1 = xk − αkH−1/2
k

gk

Adaptation across each coordinate
▶ When Hk = Dk, we adapt across each coordinate individually.
▶ Essentially, we have a finer treatment of the function we want to optimize.
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RMSProp - Adaptive gradient method with Hk = Dk

What could be improved over AdaGrad?
1. Stochastic gradients have equal weights in step size.

2. Consider a steep function, flat around minimum → slow convergence at flat region.

AdaGrad with Hk = Dk

1. Set Q0 =0.
2. For k = 0, 1, . . ., iterate{

Qk = Qk−1 + diag(gk)2

Hk = Qk

xk+1 = xk − αkH−1/2
k

gk

RMSProp
1. Set Q0 =0.
2. For k = 0, 1, . . ., iterate{

Qk = βQk−1 + (1− β)diag(gk)2

Hk = Qk

xk+1 = xk − αkH−1/2
k

gk

◦ RMSProp uses weighted averaging with constant β

◦ Recent gradients have greater importance
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ADAM - Adaptive moment estimation

Over-simplified idea of ADAM
RMSProp + 2nd order moment estimation = ADAM

ADAM
Input. Step size α, exponential decay rates β1, β2 ∈ [0, 1)
1. Set m0,v0 = 0
2. For k = 0, 1, . . ., iterate

gk = ∇f(xk−1)
mk = β1mk−1 + (1− β1)gk ← 1st order estimate
vk = β2vk−1 + (1− β2)g·2

k ← 2nd order estimate
m̂k = mk/(1− βk

1 ) ← Bias correction
v̂k = vk/(1− βk

2 ) ← Bias correction
Hk = v̂k + ϵ

xk+1 = xk − αH−1/2
k

m̂k

Output : xk

(Every vector operation is an element-wise operation)
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Leveraging problem structure

◦ We could leverage the prior knowledge of problem structure (architecture and input domain).

◦ Hard-code such information into the regularizer rk.

◦ Using this regularizer, we will develop in the sequel

1. Steepest descent methods

2. Conditional Gradient methods
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Sharp descent: Steepest descent in a chosen norm
◦ To generalize SGD beyond the Euclidean case, we can simply regularize with a non-Euclidean norm.

Stochastic sharp descent (SAD)
By defining the sharp-operator [d]♯ ∈ arg minx∈X {⟨d,x⟩+ 1

2∥x∥
2} [89], the (stochastic) sharp descent

method (SAD) in a normed space is introduced in:

xk+1 = xk − α[dk]♯. (SAD)

Remarks: ◦ When f is L-smooth, we can use α < 2
L

with the deterministic gradients.

◦ Here are some examples:
▶ The ℓ∞-norm leads to a sign-based update

xk+1 = xk − α∥dk∥1 sign(dk).

▶ The spectral norm, matrix analogue to the ℓ∞-norm, gives stochastic spectral descent [14]:

xk+1 = xk − α∥σk∥1U
kV k, (SSD)

where dk = Ukdiag(σk)V k is the reduced SVD of dk.
▶ The Muon algorithm drops the norm scaling in SSD and combines with Adam [59].
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A relative of the sharp-operator

Definition (Linear minimization oracle)
Let X be a convex, closed and bounded set. Then, the linear minimization oracle of X (lmoX ) returns a vector
x̂ such that

lmoX (d) := x̂ ∈ arg min
x∈X

dT x (2)

Remarks: ◦ lmoX returns an extreme point of X when it is a polyhedral.

◦ lmoX is not single valued, note ∈ in the definition.

◦ d♯ = −c∥d∥∗lmoX /c(d) when X := {x | ∥x∥ ≤ c}.

◦ Without loss of generality, we can consider unit norm constraints.
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The unsung hero in deep learning: The conditional gradient method

X

{X : f(x) ≤ f(xk)}
−∇f(xk)

xk

x̂k

xk+1

f⋆ := min
x∈Rp

{
f(x) : x ∈ X

}

Conditional gradient method (CGM)
1. Choose x0 ∈ X .
2. For k = 0, 1, . . . perform:

xk+1 := (1− αk)xk + αklmoX (∇f(xk))

where αk := 2
k+2 is typically used when f is convex.

Remarks: ◦ The step-size α looks like weight decay but is not! More on this later.

◦ Without the “weight decay,” the algorithm looks like steepest descent in a chosen norm...
▶ without the dual norm scaling (recall d♯ = −c∥d∥∗lmoX /c(d) when X := {x | ∥x∥ ≤ c})!
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Stochastic conditional gradient methods

Stochastic conditional gradient (SCG) [96, 86]

xk+1 = (1− αk)xk + αklmo(dk).

Unconstrained stochastic conditional gradient (uSCG) [96]
Instead of the convex combination in SCG (or “weight decay”), we consider an unconstrained version:

xk+1 = xk + αklmo(dk) = xk − αd♯/∥d∥∗.

Remarks: ◦ The stepsize will no longer be required to be α < 2/L nor α ∈ (0, 1).

◦ uSCG is SAD when we drop the dual norm (in the same manner as Muon).

◦ uSGD with the ℓ2-norm is the normalized SGD: xk+1 = xk − α dk

∥dk∥2
.

◦ uSGD with the ℓ∞-norm leads to signSGD update [8]: xk+1 = xk − αk sign(dk).

◦ uSGD with the S∞-norm is xk+1 = xk − αkU
kV k (i.e., SSD or partial Muon) [14, 59].
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To weight decay, or not?

Tikhonov regularization [107]

min
x
f(x) +

µ

2
∥x∥2

2

Remarks: ◦ Updating with the gradient gives: xk+1 = xk − αk

(
∇f(xk) + µxk

)
.

◦ This results in the ubiquitous weight decay update: xk+1 = (1− µαk)xk − αk∇f(xk).

◦ [76] decouples weight decay and objective function xk+1 = (1− µαk)xk − αk∇f(xk).

◦ [76] argues that this update rule results in preconditioned regularizers.

◦ In contrast, updating with the lmo gives: xk+1 = xk − αklmo
(
∇f(xk) + µxk

)
.

◦ lmo is not additive: lmo
(
∇f(xk) + µxk

)
, lmo

(
∇f(xk)

)
+ lmo

(
xk

)
◦ lmo is not linear: lmo(xk) , xk.

◦ SCG provides strict norm control: ∥xk∥ ≤ c, ∀k; when xk+1 = (1− αk)xk + αkclmoX /c(dk).
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Further nuances

uSCG with weight decay
Weight decay combined with uSCG can be written as

xk+1 = (1− µαk)xk + αklmo(dk)

with weight decay parameter µ ∈ (0, 1]. This is exactly SCG when µ = 1.

Remarks: ◦ The above update does not correspond to minimization with Tikhonov regularization.

◦ Weight decay in this case changes the objective, the form of which is unclear!

Stochastic case via momentum
In the stochastic setting, lmo and the sharp-operator may be biased even if ∇f(·, ξ) is unbiased, when lmo or
the sharp-operator is non-linear.

dk = (1− βk)dk−1 + βk∇f(xk, ξk),

where βk ∈ (0, 1].

Remark: ◦ There are several ways to select dk and we present above only a basic one (cf., [121]).
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Choice of norm constraint

◦ Choose the appropriate norm from the operator norm perspective [64].

◦ Consider a linear MLP with layers defined as:

g(1)(a) = X1a, g(ℓ)(g(ℓ−1)) = Xℓg
(ℓ−1), ∀ℓ ∈ {2, . . . , L}

where Xℓ ∈ Rdout×din and the loss function is L(g(L), b).

◦ Feature learning states that the typical element of the vectors should be of order Θ(1).

Norm bounds
To control hidden activation g(ℓ)(z) growth with the input z ∈ Rd, we enforce one of these norm bounds:
▶ Average Entry Bounded: 1

dout
∥g(ℓ)(z)∥1 ≤ 1

▶ Typical Entry Bounded: ∥g(ℓ)(z)∥RMS ≤ 1, where ∥z∥RMS = 1√
d
∥z∥2

▶ Max Entry Bounded: ∥g(ℓ)(z)∥∞ ≤ 1
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Choice of norm constraint

◦ Control operator norm constraints on weights {Xℓ} can ensure bounded activations g(ℓ)(z).

Definition (Operator norm)
The operator norm quantifies how much a matrix X stretches inputs between normed spaces.

∥X∥α→β := max
z∈Rd,z,0

∥Xz∥β

∥z∥α
= sup

∥z∥α≤1
∥Xz∥β .

Remarks: ◦ If ∥z∥α ≤ 1, then the output ∥Xz∥β is bounded when ∥X∥α→β is bounded.

◦ Operator norm transformations:

1. If ∥z∥β ≤ ρ∥z∥c for all z, then ∥X∥α→β ≤ ρ∥X∥α→c.
2. If ∥z∥α ≥ 1

ρ
∥z∥c for all z, then ∥X∥α→β ≤ ρ∥X∥c→β .

◦ Vector norm relations:

∥z∥∞ ≤ ∥z∥2 ≤ ∥z∥1 ≤
√
d∥z∥2 ≤ d∥z∥∞.
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Layerwise norm selection

◦ Different layers may require different norms [7].

Operator norm choices for the MLP [96]
▶ Initial layer: ∥X1∥α1→RMS ≤ 1.
▶ Intermediary layers: ∥Xℓ∥RMS→RMS ≤ 1, ∀ℓ ∈ {2, . . . , L− 1}.
▶ Last layer: ∥XL∥RMS→βL

≤ 1.

Remarks: ◦ The operator norm for the intermediary layers ∥ · ∥RMS→RMS is a scaled spectral norm:

∥X∥RMS→RMS =

√
din
dout
∥X∥S∞ .

◦ For the intermediary layers, lmo is set to
√

dout
din

UV ⊤.

◦ The choice of input norm α1 and output norm βL depends on the application.
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Layerwise norm selection

Input layer with language data [96]
Input is typically 1-hot encoded, meaning ∥a∥∞ = ∥a∥2 = ∥a∥1 = 1.
▶ Equivalent operator norms: ∥X1∥∞→RMS = ∥X1∥2→RMS = ∥X1∥1→RMS.

▶ lmo can be computed exactly through ∥ · ∥1→RMS: coli(X1) 7→
√
dout

coli(X1)
∥ coli(X1)∥2

;
or alternatively ∥ · ∥2→RMS provides a more aggressive update scaling factor:

√
dout/dinUV ⊤.

Output layer [96]
We have no restriction to bound the output in ℓRMS and can instead bound the maximal entry using ℓ∞.
▶ lmo is computed through ∥XL∥RMS→∞: 1√

din

rowj (XL)
∥ rowj (XL)∥2

▶ Alternatively, we can bound ∥XL∥RMS→∞ ≤ 1
din
∥XL∥1→∞, then lmo is set to 1

din
sign(XL).
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Empirical results

◦ We define uSCG and SCG with operator norms as Unconstrained Scion and Scion, respectively.

◦ We build on the Muon codebase [58]:
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Remarks: ◦ Scion and Unconstrained Scion maintain optimal stepsize across model widths.

◦ Even when the Muon is tuned on the largest model size it achieves a validation loss of 2.988

◦ In comparison, Unconstrained Scion obtains 2.984.

◦ These methods eliminate the need for Adam in Muon’s implementation.

◦ Scion shows advantages in long-term runs [74].

Training LLMs | Prof. Volkan Cevher, Prof. Caglar Gülcehre Slide 62/ 78



Illustration of norm control
◦ Spectral norm is constrained in Scion.

◦ This is key in improving generalization (see Lecture 9 of EE-556).
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Figure: Spectral norm of weight matrices on NanoGPT (124M). The linear stepsize decay starts at iteration 3650.
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Figure: Cévhèr overfitting: You can achieve the same loss but the one that has the least norm is often better.
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NanoGPT µ-transfer
◦ Scale up to a 3B parameter model using the 124M proxy model’s optimal setup.

Adam Muon Unconstrained Scion Scion
3.024 2.909 2.882 2.890
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Remark: ◦ Scion- like algorithms show advantages in long-term runs [74].

Training LLMs | Prof. Volkan Cevher, Prof. Caglar Gülcehre Slide 64/ 78



On the effect of the batch size

◦ Fix the total tokens and sweep batch sizes, adjusting steps accordingly.

◦ (Unconstrained) Scion maintains lower validation loss as batch size increases, outperforming baselines.
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The sweet spot for the momentum parameter

◦ While the relationship is complicated, it is possible to derive an optimal momentum parameter [96].
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Learning rate scheduling

◦ Choosing a sequence of step sizes for an algorithm {αk}T
k=1 is a core problem in optimization.

Definition
Learning rate scheduling incorporates two elements:

1. A baseline learning rate α, which can be determined adaptively;
2. A schedule baseline multiplier, which has a predetermined sequence of values {sk}T

k=1 .

Example: ◦ How can we incorporate a learning rate schedule into gradient descent (GD)?

GD with step size scheduling

1. Set x0 ∈ dom (f).
2. For k = 0, 1, . . ., iterate{

xk+1 = xk − αsk∇f(xk)
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Basic forms

◦ The choice of schedule is empirically motivated.

◦ Basic examples include linear, exponential and step-ladder-like decreasing sequences [6].
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Figure: Example of common schedule (sub)sequences.

Warm up
[36, 65] note how better results for computer vision models can be achieved by adding a warm up phase where
the step-size scheduler initially increases the step-size multiplier from a small value to a large one.
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Additional considerations

Figure: Example Warm-up+Runtime+Cool-down schedules vs. cosine annealing schedule. Credit: [103].

Fusion of ideas
[78, 124] motivate three-phase schedules with results for residual neural networks and vision transformers:

1. Warm-up schedule with increasing step size.
2. Runtime schedule with constant or decreasing step size.
3. Cool down or Ramp down or Decay phase of sharp learning rate decrease.

Remarks: ◦ [122] theoretically motivates fast linear decay at the end of schedules.

◦ [55] describes the benefits of non-linear step size cool-down for language models.
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From algorithm to real implementation

◦ Algorithms are crucial for deep learning.

◦ System implementation is also essential for scalable deep learning.
▶ Data parallelism
▶ Model parallelism
▶ Pipeline parallelism
◦ System constrains can easily eliminate a theoretically optimal algorithm from being applied.
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Data parallelism
◦ Partition training data into batches, and deploy the entire model on each GPU.

◦ Compute the gradient of each GPU and aggregate them for the update.

◦ Cannot train large models that exceed GPU device memory.

Figure: Data parallelism [26]
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Model parallelism

◦ Split a model into multiple parts and deploy them on multiple GPUs.

◦ It is challenging to split a model correctly.

Figure: Model parallelism [26]
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Tensor parallelism
◦ Tensor parallelism is a type of model parallelism.

◦ Parameters/gradients can be partitioned within a layer.

Figure: Tensor parallelism [27]
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Tensor parallelism: example

◦ Update an MLP without GPU synchronization until the end.

◦ Multihead attention layer is inherently parallel, simplifying parallelization.

Figure: Blocks of Transformer with Model Parallelism [104]
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Pipeline parallelism
◦ Naive model parallelism under-utilizes compute (fig b).

◦ Pipeline parallelism splits mini-batches into micro-batches for parallel execution (fig c).

◦ Must store activations of all micro-batches before backpropagation.

◦ Idle time called “bubbles” reduces efficiency.

◦ Methods to improve efficiency or reduce memory: PipeDream [42], DAPPLE [24], PipeMare [113].
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Parallelism comparison

Table: Comparison of parallelism strategies in deep learning [26]

Parallelism Pros Cons

Data
◦ Massively parallelizable ◦ Do not support out-of-memory models
◦ No communication during forward/backward ◦ Poor scaling for large models

Model
◦ Support large models ◦ Limited parallelizability
◦ Efficient for large parameter counts ◦ Need intermediate result transfers

Pipeline
◦ Support large-batch training ◦ Bubbles reduce utilization
◦ Efficient for deep models
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3D parallelization
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Figure: 3D Parallelism in DeepSpeed [98]
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Wrap up!

▶ Lecture 3 about Data next Thursday!
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Towards training with neural networks

◦ What do we have at hand?
1. The optimization objective f(x) from multi-layer, multi-class, convolutions, transformers, etc.
2. First-order gradient via backpropagation ∇f(x)

◦ Barriers to training of neural networks:
1. Curse-of-dimensionality → first-order methods
2. Non-convexity → stochasticity + momentum
3. Ill-conditioning → adaptive gradient methods

Figure: A non-convex function. (a) and (c) are plateaus, (b) and (d) are global minima, (f) and (h) are local minima, (e) and
(g) are local maxima. [38]
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Stochastic Gradient Descent (SGD) and some key variants

Vanilla (Minibatch) SGD
Input: Stochastic gradient oracle g, initial point x0, step size αk

1. For k = 0, 1, . . .:
obtain the (minibatch) stochastic gradient gk

update xk+1 ← xk − γkgk

Perturbed Stochastic Gradient Descent [31]
Input: Stochastic gradient oracle g, initial point x0, step size αk

1. For k = 0, 1, . . .:
sample noise ξ uniformly from unit sphere
update xk+1 ← xk − αk(gk + ξ)

⋆Stochastic Gradient Langevin Dynamics [111]
Input: Stochastic gradient oracle g, initial point x0, step size αk

1. For k = 0, 1, . . .
sample noise ξ standard Gaussian
update xk+1 ← xl − αkgk +

√
2αkξ
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Basic questions:

1. Does SGD converge with probability 1?

2. Does SGD avoid non-minimum points with probability 1?

3. How fast does SGD converge to local minimizers?
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Critical points

Recall (Classification of critical points)
Let f : Rd → R be twice differentiable and let x̄ be a critical point. Let {λi}d

i=1 be the eigenvalues of the
hessian ∇2f(x̄), then
▶ λi > 0 for all i ⇒ x̄ is a local minimum
▶ λi < 0 for all i ⇒ x̄ is a local maximum
▶ λi > 0, λj < 0 for some i, j and λi , 0 for all i ⇒ x̄ is a saddle point
▶ Other cases ⇒ inconclusive

(a) (b)

(c) (d)

Figure 5: Illustrations of three different types of saddle points (a-c) plus a gutter structure (d). Note
that for the gutter structure, any point from the circle x2 + y2 = 1 is a minimum. The shape of the
function is that of the bottom of a bottle of wine. This means that the minimum is a “ring” instead of
a single point. The Hessian is singular at any of these points. (c) shows a Monkey saddle where you
have both a min-max structure as in (b) but also a 0 eigenvalue, which results, along some direction,
in a shape similar to (a).

12

Figure: Minmax saddle (λi , 0 for all i)

(a) (b)

(c) (d)

Figure 5: Illustrations of three different types of saddle points (a-c) plus a gutter structure (d). Note
that for the gutter structure, any point from the circle x2 + y2 = 1 is a minimum. The shape of the
function is that of the bottom of a bottle of wine. This means that the minimum is a “ring” instead of
a single point. The Hessian is singular at any of these points. (c) shows a Monkey saddle where you
have both a min-max structure as in (b) but also a 0 eigenvalue, which results, along some direction,
in a shape similar to (a).

12

Figure: Monkey saddle (λi = 0 for some i)
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The strict saddle property

Definition (Strict saddle)
A twice differentiable function f : Rd → R is (α, β, ϵ, δ)-strict saddle if for any point x at least one of the
following is true

1. ∥∇f(x) ∥ ≥ ϵ.
2. λmin (∇2f(x)) ≤ −β.
3. There is a local minimum x⋆ such that ∥x− x⋆ ∥ ≤ δ and the function f restricted to a 2δ neighborhood

of x⋆ is α strongly convex.

(Informal)
For any point whose gradient is small, it is either close to a local minimum, or is a saddle point (or local
maximum) with a significant negative eigenvalue.
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Q1: Does SGD converge?

◦ SGD converges to the critical points of f as k →∞.

1. GD converges from any intialization with constant step-size and full gradients

2. With probability 1, (P)SGD does not converge with constant step-size γ [5, 99]

3. With probability 1, SGD converges with vanishing step-size if xk is bounded with probability 1 [75, 5]

Boundedness is not required (Theorem 1 of [84])
Assume Lipschitzness, sublevel regularity, E∥g∥q ≤ σq and

∑
k
γ

1+q/2
k

<∞ (q ≥ 2). Then, xk converges with
probability 1.
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Q2: Does SGD avoid saddle points?

◦ SGD avoids strict saddles (λmin(∇2f(x∗)) < 0)

1. GD avoids strict saddles from almost all initializations [69]

2. With probability 1− ζ, PSGD with constant γ escapes strict saddles after Ω
(

log(1/ζ)/γ2
)

iterations [32]

▶ However, SGD does not converge with constant γ

▶ We cannot take ζ = 0

SGD avoids traps almost surely (Theorem 3 of [84])
Assume bounded uniformly exciting noise and γk = O

(
1

kκ

)
for κ ∈ (0, 1]. Then, SGD avoids strict saddles

from any initial condition with probability 1.

Remark
However, there are LIONS™ hidden in the tall grass: converging to sharp minima or even local maxima and
other undesirable behaviours are unfortunately possible [126]...
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Q3: How fast does SGD converge to local minimizers?

◦ SGD remains close to Hurwicz minimizers (i.e., x⋆ : λmin(∇2f(x⋆)) > 0 )

1. SGD with constant γ can obtain objective value ϵ-close to a Hurwicz minimizer in O(1/ϵ2)-iterations
[32, 34]
▶ However, SGD does not converge with constant γ

▶ Need averaging which is problematic in non-convex optimization

Using a vanishing step-size helps! (Theorem 4 of [84])
Using γk = O

(
1
k

)
, SGD enjoys a O

(
1
k

)
convergence rate in objective value.
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Using 1/k step-size decrease helps in practice

◦ ResNet training at different cool-down cut-offs
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Frank-Wolfe’s approach - I

f⋆ := min
x∈Rp

{
f(x) : x ∈ X

}
,

Conditional gradient method (CGM, see [57] for review)
A plausible strategy which dates back to 1956 [29]. At iteration k:

1. Consider the linear approximation of f at xk

ϕk(x) := f(xk) +∇f(xk)T (x− xk)

2. Minimize this approximation within constraint set

x̂k ∈ min
x∈X

ϕk(x) = min
x∈X
∇f(xk)T x

3. Take a step towards x̂k with step-size αk ∈ [0, 1]

xk+1 = xk + αk(x̂k − xk)

▶ xk+1 is feasible since it is convex combination of two other feasible points.
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Frank-Wolfe’s approach - II

X

{X : f(x) ≤ f(xk)}

−∇f(xk)

xk

x̂k

xk+1

f⋆ := min
x∈Rp

{
f(x) : x ∈ X

}

Conditional gradient method (CGM)
1. Choose x0 ∈ X .
2. For k = 0, 1, . . . perform:{

x̂k := arg min
x∈X
∇f(xk)T x

xk+1 := (1− αk)xk + αx̂k,

where αk := 2
k+2 .
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Layerwise norm selection

Input layer with image data
The input a is rescaled to [−1, 1], ensuring ∥a∥RMS ≤ 1.

▶ The appropriate operator norm is ∥X1∥RMS→RMS =
√

din
dout
∥X1∥S∞ .

▶ lmo is set to
√

dout
din

UV ⊤.
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Summary of norm choices

Table: Example lmo choices for 1-hot encoded inputs.

Parameter W1 (image domain) W1 (1-hot encoded input)
Norm RMS→ RMS 2→ RMS 1→ RMS 1→∞

LMO max(1,
√

dout/din)UV ⊤ √
doutUV ⊤ coli(W1) 7→

√
dout

coli(W1)
∥ coli(W1)∥2

sign(WL)
Init. Semi-orthogonal Semi-orthogonal Column-wise normalized Gaussian Random sign

Table: The choice of lmo can be different between layers and can depend on the assumptions on the input. For simplicity we
overload notation and write the reduced SVD as Wℓ = Udiag(σ)V ⊤ ∈ Rdout×din for all ℓ ∈ [L].

Parameter {Wℓ}ℓ∈[2,...,L−1] WL

Norm RMS→ RMS RMS→ RMS RMS→∞ 1→∞

LMO
√

dout/dinUV ⊤
√

dout/dinUV ⊤ rowj(WL) 7→ 1√
din

rowj (WL)
∥ rowj (WL)∥2

1
din

sign(WL)

Init. Semi-orthogonal Semi-orthogonal Row-wise normalized Gaussian Random sign
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Scion additional experiments
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Figure: Coordinate check at initialization: Preactivations vary with spectral scaling
√

dout
din

when din > dout.

Go back to page 26
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Scion additional experiments

We additionally test Scion on a CNN on the CIFAR10: (Spectral → Spectral → Sign)
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Scion additional experiments
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Figure: Spectral norm of weight matrices on CIFAR10, while sweeping over total number of epochs. The spectral norm grows
empirically as √

n for Unconstrained Scion with a fixed stepsize γ, whereas the norm (provably) stays bounded for Scion.
Due to the spectral norm control, one can expect the weight decay in Scion to be particularly useful for numerical stability in
long runs in low-precision.
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Special instantiations

Table: Special instantiations of uSCG and SSD according to different choices of norm. The reduced SVD is given as
d = Udiag(σ)V ⊤.

Method αk Norm −lmo(d) / [d]♯ Reference

St
ee

pe
st

de
sc

en
t

SGD 1 Euclidean ∥ · ∥2 d
SGD with momentum [0, 1] Euclidean ∥ · ∥2 d

PSGD (AdaGrad, RMSProp) 1 Euclidean ∥ · ∥2,H (H)−1/2d
Norm-scaled sign 1 Max-norm ∥ · ∥∞ ∥d∥1 sign(d) [61]
Norm-scaled sign with momentum [0, 1] Max-norm ∥ · ∥∞ ∥d∥1 sign(d)
Spectral descent 1 Spectral ∥ · ∥S∞ ∥σ∥1UV ⊤ [14]
Spectral descent with momentum [0, 1] Spectral ∥ · ∥S∞ ∥σ∥1UV ⊤

Co
nd

iti
on

al
Gr

ad
ien

t Normalized SGD 1 Euclidean ∥ · ∥2
d

∥d∥2
[46]

Normalized SGD with momentum [0, 1] Euclidean ∥ · ∥2 − d
∥d∥2

[19]
SignSGD 1 Max-norm ∥ · ∥∞ sign(s) [8, Thm. 1]
Signum [0, 1] Max-norm ∥ · ∥∞ sign(s) [8, Thm. 3]
Muon1 [0, 1] Spectral ∥ · ∥S∞ UV ⊤ [59]

1 With non-Nesterov based momentum.
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